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Zusammenfassung
In dieser Dissertation behandeln wir einige Spezialfalle von faszinierenden Beziehungen zwis-
chen Eich- und Gravitationstheorien, welche unter dem Namen Zweifachkopie bekannt sind.
Wir setzen den Schwerpunkt auf Baumlevelstreuamplituden in Einstein-(Skalar-)-Chromo-
Dynamik, welche Streuungen zwischen Gluonen, massiven fundamentalen Quarks (Skalaren)
und Gravitonen beschreibt. In diesen Theorien untersuchen wir den endlichen Anteil von
reiner Gluonenstreuung mit zwei kollinearen Gluonen. Basierend auf einem Vorschlag von S.
Stieberger und T. Taylor, stehen diese, uber eine spezische Linearkombination, in Beziehung
zu Steuamplituden in Einstein-Yang-Mills Theorien, in welchen die kollinearen Gluonen
durch ein Graviton ersetzt werden. Wir fuhren einen Beweis dieser Beziehungen unter der
Ausnutzung von einer neuen Darstellung von bosonischen Baumlevelstreuamplituden durch
lokalisierte Integrale auf einer Riemannschen Zahlenkugel, dem sogenannten Cachazo-He-
Yuan Formalismus. Parallel dazu werden wir einen Einblick in mysteriose Wechselwirkunen
dieser Beziehungen mit Eichinvarianzverletzungen des endlichen Anteils des kollinearen Gluon
Grenzwertes von Yang-Mills Streuampliuden geben. Danach behandeln wir eine andere Art
von linearen Beziehungen zwischen Streuamplituden in Yang-Mills Theorie und Einstein-
Yang-Mills Theorie, welche ebenfalls von S. Stieberger und T. Taylor vorgeschlagen wur-
den und direkt einzelne Gluonen mit einzelnen Gravitonen verbinden. Wir werden die
Universalitat dieser Beziehungen, in Anwesenheit von fundamental geladenen und mas-
siven Fermionen und Skalaren beweisen. Dafur werden wir einen feynmanndiagrammatis-
chen Zugang wahlen, welcher uns eine neue Art von farbkinematischen Ersetzungsregeln
liefern wird. Diese bilden Gluonen auf Gravitonen ab. Schliesslich werden wir eine neue
Zweifachkopiebeziehung zwischen klassisch eektiven Wirkungen formulieren. Die eektive
Wirkung eines Systems von farblich geladenen, massiven und klassischen Weltlinien, welche
uber Yang-Mills wechselwirken, wird mit einem System von dilatonisch geladenen, massiven
und klassischen Weltlinien, welche uber Dilatongravitation wechselwirken, in Verbindung
gesetzt. Somit werden wir eine, aus dem Kontext von Losungen zu storungstheoretischen
Bewegungsgleichungen, sowohl fur das Gluon als auch fur das Graviton, derselben Systeme,
bekannte Zweifachkopievorschrift, formuliert von W. Goldberger und A. Ridgway, ausbauen
und verbessern.

Abstract
In this thesis we analyze several cases of mysterious connections between gauge and gravity
theories, known as double copy relations. We focus on tree level scattering amplitudes in
Einstein-(scalar-)-chromo-dynamics, i.e. scattering scenarios between gluons, massive fun-
damental quarks (scalars) and gravitons. In these scenarios we study the sub leading con-
tribution to the adjacent collinear gluon limits in pure Yang-Mills amplitudes. Recently, S.
Stieberger and T. Taylor have proposed a linear combination of amplitudes with a pair of
collinear gluons to an Einstein-Yang-Mills amplitude. We present a proof of such relations
using a novel representation of bosonic tree level amplitudes based on a localized integral on
the Riemann sphere, called the Cachazo-He-Yuan formalism. Moreover, we give insight into
an intriguing interplay between those relations and surprising gauge invariance violations of
the sub-leading collinear gluon limit of Yang-Mills amplitudes. Next, we will focus on yet
another set of relations between Yang-Mills amplitudes and Einstein-Yang-Mills amplitudes
that were also proposed by S. Stieberger and T. Taylor. They directly relate single gluons to
single gravitons. We show universality of such relations, i.e. their validity in the presence of
massive fundamental quarks and scalars. For that purpose, we will use a Feynman diagram-
matic approach which results in a novel color-to-kinematics rule, mapping gluons to gravitons
in these scattering scenarios. Finally, we establish a novel double copy connection between
classical eective actions of two massive classical worldlines which are colored and interact-
ing in Yang-Mills theory and dilaton charged and interacting through dilaton-gravity. Doing
so, we extend and improve existing work relating the same system of worldlines through a
double copy at the level of perturbative solutions to the involved equations of motion for the
gluon and graviton elds, as has been proposed by W. Goldberger and A. Ridgway.
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Chapter 1
Introduction
Our current understanding of nature is based on two pillars. At the quantum level we have
the famous standard model (SM) of elementary particles, a Yang-Mills (YM) gauge theory [1].
At the macroscopic level we have the theory of general relativity (GR). The SM describes the
interaction between three generations of fermionic matter, consisting of quarks and leptons,
through four gauge bosons. It explains three out of four known fundamental forces: The
weak force, the strong force and electromagnetism. The Higgs boson, resulting from the Higgs
mechanism based on spontaneous symmetry breaking [2], completes this theory by giving
mass to the SM particles. GR explains the movement of massive bodies along geodesics.
They are fully determined by the underlying geometry of the curved spacetime. Both are
extremely successful theories in describing nature in their respective realm of applicability.
This has been shown by a large number of experiments. One prominent example is the
remarkable direct detection of gravitational waves by the Laser Interferometer Gravitational
Observatory (LIGO) collaboration [3]. Another is the discovery of the Higgs boson by the
ATLAS and CMS collaborations in the Large Hadron Collider (LHC) at CERN [4, 5]. Both
measurements have been awarded with the Nobel prize and they validate GR and the SM
to a very high degree of precision.
However, despite their success it is well known that both theories miraculously fail in
describing certain cosmological eects. Among others, two particular problems produce a
compelling mismatch between the SM and GR formulation and real world observations.
On the one hand, it is very well known that our universe only consists of around 5%
baryonic matter, i.e. matter whose existence can be explained though SM eects. The
remaining 95% consist of around 25% dark matter and roughly 70% dark energy which is
a highly elusive form of matter and energy of unknown origin and whose existence is, so
far, only supported by indirect experimental evidence. According to the logic of quantum
mechanics both dark matter and dark energy must have a microscopic origin based on the
existence and interaction of certain associated particles. But neither does the SM contain
a good candidate for a dark matter particle nor does it contain any kind of explanation for
dark energy. In fact, assuming that dark energy has its root in the presence of a cosmological
constant, SM computations arrive at a mismatch of around 120 orders of magnitude between
observation and prediction [6]. GR also fails at describing both dark matter and dark energy.
This may be exemplied by the wrong GR prediction for the movement of stars in peripheral
regions of galaxies if only the visible matter is taken into account [7].
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On the other hand, no notion of gravity of any kind exists in the SM which is a highly
undesired property from the point of view of a grand unication of all four forces.
It is believed that a unied theory combining GR and the SM into a quantum theory of
gravity will resolve the tension between their theoretical predictions and dark matter/energy
observations.
One possible approach to quantum gravity is an introduction of the graviton h in GR as
the gravitational force mediator particle. This is done through a linear expansion of the GR
metric tensor, i.e. g =  + h with  being the coupling constant [8]. This approach
is called graviton expansion and it denes a perfectly well dened quantum eld theory of
gravity which is non-renormalizable but fully capable of producing relevant gravitational
corrections to physical observables if treated as an eective eld theory [9]. Such a theory is
called quantum GR (QGR). Scattering amplitudes can be computed as usual via the sum of
all Feynman graphs with the complication that QGR contains an innite amount of Feynman
rules which are themselves gigantic expressions, e.g. the three graviton vertex contains 171
terms [10].
More theories of quantum gravity exist. The most prominent examples are loop quantum
gravity, N = 8 supergravity (SUGRA) and superstring theory, which are all based on certain
modications of the SM or GR. Even though a large amount of research has been performed
in those theories and they are of high relevance, we will refrain from diving any deeper into
them and instead focus on quantum gravity theories which are as close as possible to QGR.
In 2010 a major breakthrough occurred regarding the calculation of amplitudes in QGR
augmented by two particles, a real scalar eld called dilaton and an antisymmetric two form
called axion, i.e. N = 0 SUGRA. Z. Bern, H. Johansson and J. J. Carrasco realized that
scattering amplitudes in such a theory can be constructed from pure YM amplitudes by a
simple replacement rule [11{13]. Given a trivalent decomposition of a pure YM amplitude,
achieved by decomposing every four gluon vertex into s; t; u channels, at any loop level L one
can obtain the full N = 0 SUGRA amplitude by replacing color structures with kinematical
ones, i.e.
A(L)Gluons /
X
j2trivalent
LY
i=1
Z
dDli
cj nj
Dj
M(L)N=0 ;supergravity /
X
j2trivalent
LY
i=1
Z
dDli
nj nj
Dj
;
where cj are color factors, nj kinematic numerators and Dj propagator structures. This is
true as long as the kinematic numerators are brought into a form that satises the same
Jacobi relations as the color factors
ci + cj + ck = 0 () ni + nj + nk = 0 :
This construction is called double copy and the kinematic numerators are said to be color
dual. We will explore this relation more explicitly in the upcoming chapter.
At tree level, where pure YM amplitudes map directly to QGR amplitudes, the double
copy has been proven [13] but it remains conjectural at loop level. Still, it exists a compelling
amount of evidence supporting the validity of the double copy at highly non-trivial loop
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levels and between many more theories with and without supersymmetry [14{22, 22{27].
The current benchmark is its realization in N = 8 supergravity for the four point ve-loop
graviton scattering from gluon scattering in N = 4 super YM (SYM) [28]. Even though
the technical aspect of the double copy is quite well under control it is not known what
fundamental mechanisms are at work in this magical duality. A possible answer is to conclude
an underlying Lie algebra from the Jacobi relations satisfying color dual numerators. This
idea is called kinematic algebra and nding it might reveal hidden symmetries. So far the
kinematic algebra has already been found in certain sub sectors of YM theory, i.e. in self-dual
YM [29] and the non-linear sigma model [30].
It is a surprising observation that even though the double copy prescription is designed
for scattering amplitudes, its core principles and results seem to also hold true in classical
physical systems. In particular, it has been shown recently that the double copy also ap-
plies to classical perturbative solutions of YM and gravity equations of motion via a simple
color-to-kinematics replacement rule [31{36] where even the notion of color dual numerators
appears at some point [37]. This hints at a classical manifestation of the kinematic algebra.
Therefore it is a particularly interesting connection due to a potentially new approach to
the computations of gravitational radiation emitted by black hole binaries, i.e. gravitational
waves.
In this thesis we focus on the double copy between classical eective actions of a system
of two massive nonspinning classical worldlines. They are color charged and interact through
pure YM on the gauge theory side, while they are dilaton charged and interact via dilaton
gravity, i.e. N = 0 SUGRA without an axion, on the gravity side. Our goal is to extend the
work of W. Goldberger and A. Ridgway on classical bound systems [33] by one further order
in perturbation theory, while also to check the validity, and possibly to improve upon their
proposed color-to-kinematics replacement rule. The key result shall be a proof of concept,
pushing the boundaries of the double copy into more extreme settings, since eective actions
are manifestly gauge variant objects in contrast to scattering amplitudes.
Aside from the double copy, another type of connections has emerged between color
ordered tree level amplitudes in Einstein-YM (EYM), the graviton expanded version of dif-
feomorphism invariant pure YM theory, and pure YM theory. Such relations have been
recently conjectured by S. Stieberger and T. Taylor [38, 39]. Their rst connection concerns
the nite contribution of the adjacent collinear gluon limit in pure YM amplitudes, i.e.
x
g2
X
2Sn 3
( 1)m s(n 2)pAYMn (1; (2); :::; (n  2); n  1; n) = AEYMn 1 (1; ::::; n  2; p) :
(1.1)
Here An denotes color ordered amplitudes, pn and pn 1 are the collinear gluons with limiting
momentum p, m = f0; 1g for even and odd numbers of permutations  respectively, x is
the momentum fraction, g and  are the couplings of gluons and gravitons respectively and
sij = 2 pi pj are Mandelstam invariants. The right hand side, of the above equation, is
an EYM amplitude where the collinear pair of gluons has been replaced by a graviton as
indicated by the semicolon. The second connection is very similar to the rst one with the
modication that no collinear limit is needed, i.e.
nX
a=2
"p XaAYM(1; 2; :::; a; p; a+ 1; :::; n) = 
2g2
AEYM(1; :::; n; p) ; (1.2)
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where Xa =
Pa
i=2 pa is the region momentum and "p is the polarization vector of gluon p
which is turned into a graviton on the rhs of this equation. We will discuss both formulae in
the upcoming chapter in more detail. The main dierence to the double copy prescription
is that (1.1) (1.2) are relations between (collinear) gluons and single gravitons which do not
seem to rely on any color-to-kinematics replacement rule. Furthermore, no general loop level
conjecture exists for neither of the above formulae, although a conjecture at the level of loop
level integrands has been formulated recently [40, 41].
The second relation (1.2) by S. Stieberger and T. Taylor has been proven and generalized
to an arbitrary number of external gravitons [43{47] using a novel analytic representation
of bosonic tree level amplitudes in arbitrary dimensions across a wide range of theories, the
so-called Cachazo-He-Yuan (CHY) formalism [48{50] which we introduce in the upcoming
chapter. This series of works has also sparked a general interest in EYM amplitudes at loop
level [42, 51]. Relation (1.1) has neither been proven nor generalized to a generic number of
gravitons. We will perform an analysis of both formulae.
We study the adjacent collinear gluon limit of color ordered pure YM amplitudes in the
CHY formalism in order to compute the sub-leading adjacent collinear gluon behavior. Its
generic analytic form is unknown but of high relevance for phenomenological high energy
scattering predictions due to the role of collinear limits in the cancellation of infrared diver-
gences in physical observables according to the Kinoshita-Lee-Nauenberg theorem [52, 53].
This will allow us to answer important questions regarding the universality and possible
factorization properties of the sub-leading collinear gluon limit, both being unknown proper-
ties. Nevertheless, our main goal will be a generic proof of the rst Stieberger-Taylor relation
(1.1).
By analyzing the second Stieberger-Taylor relation (1.2), we prove its universality in
the presence of massive quarks and scalars. This would be of interest in the context of
computing loop level EYM amplitudes where unitarity methods involve computations of
scattering amplitudes with fundamental matter, gluons and gravitons. Stieberger-Taylor
relations would dramatically simplify computations in such scenarios. Furthermore, we aim
at closing the gap between the double copy logic of a color-to-kinematics replacement rule
and Stieberger-Taylor relations by trying to identify a new replacement rule.
This thesis is organized as follows. In the second chapter we introduce all relevant
concepts and techniques for the following chapters. In the third chapter we dive into the
computations of the sub-leading adjacent collinear gluon limit in the CHY formalism. This
is followed by a proof of Stieberger-Taylor relations in this setup where we will encounter
very intriguing and unintuitive characteristics. In the fourth chapter we prove universality of
the second Stieberger-Taylor relation via a Feynman diagrammatic analysis which will yield
a novel color-to-kinematics replacement rule. In the fth chapter we compute the classical
eective action of two massive worldline in YM and dilaton gravity. We will identify new
color-to-kinematics replacement rules which allow us to observe a novel form of a classical
double copy. Finally, we summarize and conclude in the sixth chapter.
Chapter 2
Aspects of tree level scattering
amplitudes
In this chapter we will introduce the main technical and physical concepts, regarding scatter-
ing amplitudes in gauge and gravity theories, as a necessary basis for the upcoming chapters.
The concepts in question range from very old and well known textbook techniques [54{57] to
very modern techniques widely used in recent mathematical and physical research questions
[58{60].
2.1 Tree level gluon scattering in Yang-Mills theory
Yang-Mills (YM) is a non-abelian gauge theory of a massless, colored, self interacting vector
boson A = A
a
T
a carrying two physical degrees of freedom, either h = +1 or h =  1
helicity. We use the standard textbook denition of the YM Lagrangian
LYM =  1
4
  F a F
a
 ; (2.1)
where the gauge group is taken to be SU(N) with generators T a and structure constants fabc
normalized as h
T a; T b
i
= i fabc T c ; Tr(T a T b) =
1
2
ab : (2.2)
Let g be the YM coupling constant. Then we have
F a = @A
a
   @ Aa   i g fabcAbAc : (2.3)
We will refer to the gauge boson Aa as the gluon (for N = 3 this is the standard model gluon).
Gluons are in the adjoint representation, their color indices run from a = 1; :::;N2   1.
We choose Feynman gauge with the gauge xing Lagrangian
LGF;YM =  1
2
 
@Aa
2
: (2.4)
21
22 CHAPTER 2. ASPECTS OF TREE LEVEL SCATTERING AMPLITUDES
We will denote gluons as wiggly lines throughout this thesis. The propagator reads
p
a b
=
 i ab ab
p2
; (2.5)
and the vertices are given by (all momenta are ingoing)
a
b
c
= g fabc [ab(pa   pb)c + bc(pb   pc)a + ca(pc   pa)b ] ; (2.6)
c
a
d
b
=  i g2
h
fabe f cde (acbd   adbc)
+ face f bde (abcd   adbc)
+ fade f bce (abcd   acbd)
i
:
(2.7)
Every external gluon leg, in a given Feynman diagram, is contracted with a polarization
vector "hi (pi; ri) = "
hi
;i. They are functions of their uniquely associated gluon momentum
pi, with helicity hi, and reference momentum ri. They satisfy the on-shell conditions
"hii  pi = "hii  ri = ("hii )2 = 0 ; "+i  " i =  1: (2.8)
We have ignored Feynman rules involving ghosts since we focus on tree level computations.
We denote n-point scattering amplitudes in Yang-Mills theory by An(fpi; "ig) which, at
tree level, are rational functions of the external momenta and polarizations (we keep the
dependence mostly implicit throughout this thesis and just write An). Schematically, An
takes the form
An =
X
fall connected Feynman graphsg =
X
i2graphs
CiNi
Di
; (2.9)
where we denote the color structure, of each single graph i, by Ci, the propagator structure
by Di and the kinematic numerator by Ni. Gauge invariance is encoded through invariance
of the amplitude under a shift in any polarization "i ! "i + pi. Note that each single term
in the sum is, a priori, not gauge invariant.
There is, however, a way to decompose AYMn into a linear combination of color structures
times gauge invariant objects called partial amplitudes (also color ordered amplitude)[58].
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This procedure is called color-decomposition and it is based on the successive use of two
identities. On the one hand we use
i
2
fabc = Tr(T a T b T c)  Tr(T b T a T c) ; (2.10)
which follows directly from (2.2). On the other hand we use the SU(N) Fierz identity
(T a)ij (T
a)kl =
1
2

il 
k
j  
1
N
ij 
k
l

; (2.11)
which follows directly from the fact that the generators T a together with 1NN form a
complete basis of hermitian matrices of U(N).
Color decomposition starts with the use of (2.10) inside of (2.9). This will decompose a
generic color structure Ci into a sum of products of traces. Internally transported color, e.g.
with color index a, manifests itself in products
Tr(:::T a:::) Tr(:::T a:::) : (2.12)
We use the Fierz identity to eliminate the internal color at the cost of combining the product
of two traces into one trace. Repeating this procedure will eliminate all internal colors and
yield traces that exclusively contain generators of the external colors. This denes the color
basis
An =
X
2Sn 1
Tr(T a1 T a(2)T a(3) ::: T a(n))An(1; (2); (3); :::; (n)) ; (2.13)
where the rst index is xed by using trace cyclicity. The objects An are partial amplitudes
and they are the starting point of many remarkable advances in high-energy physics [60{63].
We will also denote them by AYMn if required. Note that the second term in the Fierz identity
(2.11) does not contribute in the color decomposition at tree level. It is possible to observe
the cancellation explicitly but it can also be intuitively understood since gluons do not couple
to photons which are associated to this term. We stress that this is only true at tree level.
Partial amplitudes satisfy additional properties
1. Cyclicity:
An(1; 2; 3; :::; n) = An(2; 3; :::; n; 1) = An(3; :::; n; 1; 2) = ::: : (2.14)
2. Reectivity:
An(1; 2; 3; :::; n  1; n) = ( 1)nAn(n; n  1; :::; 3; 2; 1) (2.15)
3. Kleiss-Kuijf (KK) relations: The rst non-trivial relations were proposed in [64]
and proven in [65]. They read
An(1; B; n; C) = ( 1)jCj
X

An(1; B  C
T ; n) ; (2.16)
for any set of labels B = fb1; :::; bNg ; C = fc1; :::; cMg where CT = fcM ; ::::; c1g is the
reverse ordering of C and the shue product B  CT is dened as some ordering of
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B [ CT which keeps the individual orderings of B and CT unchanged. The sum runs
over all shues, e.g.X

f2; 3g f5; 4g
= f2; 3; 5; 4g+ f2; 5; 3; 4g+ f5; 2; 3; 4g+ f5; 2; 4; 3g+ f5; 4; 2; 3g+ f2; 5; 4; 3g :
(2.17)
Finally, jCj denotes the cardinality of set C. A special case of the KK-relations is
traditionally treated distinct and occurs if one of the sets has unit length, e.g. CT =
fcg. Then we arrive at
An(1; B; n; c) + An(1; c; B; n) +
jBjX
i=1
An(1; :::; bi; c; bi+1; :::; n) = 0 ; (2.18)
referred to as U(1), or photon, decoupling.
4. Bern-Carrasco-Johansson (BCJ) relations: Another set of highly non-trivial,
non-intuitive relations were discovered in [11] and proven in [66]. For a canonical
ordering of the arguments, i.e. f1; 2; :::; ng, they read
0 =
nX
i=2
pk 
 
iX
m=2
pm
!
An+1(1; 2; :::; i; k; i+ 1; :::; n) ; (2.19)
where we identify the indices n + 1 = 1. Often, the notion of a region momentum is
introduced for more compact expressions
Xk =
kX
i=2
pi ; (2.20)
i.e. the sum of all momenta in front of pk, except p1
1, inside of the argument of the
scattering amplitude. These identities generalize trivially to any set of labels
0 =
X

pk Xk An+1(1; fBg fkg) ; 8k 2 f1; :::; n+ 1g ; (2.21)
where B is some permutation of f2; :::; ng not including k. Here, the notion of a region
momentum is truly advantageous.
It is worthwhile to discuss a subtle dierence between BCJ relations and KK relations. KK
relations are group theoretic identities, i.e. identities which only involve permutations of the
arguments inside an amplitude. BCJ relations, however, do also involve on-shell kinematic
prefactors for every amplitude in the linear combination. Both KK and BCJ relations can
be used in the color decomposition (2.13) such that the number of terms is reduced from
(n  1)! down to, at most, (n  3)! terms.
1We can relabel the indices such that p1 is also included. Then the region momentum is the sum of all
momenta in the amplitudes argument before pk. We can also use momentum conservation and change the
region momentum to include all momenta after pk.
2.1. TREE LEVEL GLUON SCATTERING IN YANG-MILLS THEORY 25
Figure 2.1: A half-ladder diagram associated with the color structure
of the DDM color decompositon.
Similar to [67], we will call a color decomposition proper if all group theoretic relations
have been used. In the case of YM amplitudes (2.13) is not a proper decomposition. However,
we can use KK relations (2.16) to x a second label at some position, thus obtaining a proper
decomposition
An =
X
2Sn 2
Tr(Ta1 Ta(2) :::; Ta(n 1) Ta(n))An(1; (2); :::; (n  1); n) ; (2.22)
which we will call KK basis. Another version of the same proper decomposition is the Del-
Duca-Dixon-Maltoni (DDM) basis [65]. The idea is to keep the color structures in (2.9)
expressed in terms of structure constants fabc and reduce their amount by using Lie algebra
Jacobi relations
fade f bcd + f bde f cad + f cde fabd = 0 ; (2.23)
until the color structures correspond to half-ladder diagrams, see gure 2.1, e.g.
CDDM(1; 2; :::; n  1; n) = fa1a2b1 f b1a3b2 f b2a4b3    f bn 2an 1an ; (2.24)
where the labels ai represent the colors of the external particles. The DDM basis then reads
An =
X
2Sn 2
CDDM(1; (2); :::; (n  1); n)An(1; (2); :::; (n  1); n) : (2.25)
The coecients An are the same partial amplitudes as in (2.13). Note that, with the help
of proper decompositions, we can interpret BCJ relations (2.19) as relations among partial
amplitudes in a proper decomposition. Even though interesting in itself, we will not discuss
improper decompositions, i.e. decompositions where three indices are xed at some positions
with the help of BCJ relations.
We end this chapter by discussing an important feature of gauge invariance in YM theory.
On the level of scattering amplitudes gauge invariance is realized as a shift of any polarization
vector by its momentum which leaves the amplitude unchanged. The same holds true for
partial amplitudes, i.e.
"i ! "i + pi =: ~"i
) An(1; :::; i; :::; n) = "i An;(1; :::; i; :::; n) = ~"i An;(1; :::; i; :::; n) ;
(2.26)
which implies
pi An;(1; :::; i; :::; n) = 0 : (2.27)
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The vector An; denotes the scattering amplitude where leg i is not contracted with a po-
larization. Eq. (2.27) is traditionally referred to as a Ward-identity2. The crucial point in
(2.27) regards its interplay with on-shell properties. All legs except the shifted leg have to
be on shell [56],[57] 3
2.2 Scattering Amplitudes in (Scalar-) Quantum Chromo Dy-
namics
YM theory by itself is of utmost interest in modern scattering amplitudes research. Never-
theless, we are also interested in the coupling of gluons to matter. In particular, we want to
establish the interaction between gluons, complex scalars and spin 12 fermions. The goal of
this section is to introduce a proper color decomposition for such scattering scenarios.
The theory we consider is given by the Lagrangian [56, 57]
L = LQCD + LsQCD + LYM + LGF;YM ; (2.28)
with the new terms
LQCD =  
 
i =D  m 

 (2.29)
LsQCD =  (D )y (D ) m2 y  ; (2.30)
where we used the Feynman-slash notation =V =  V
. The rst Lagrangian LQCD de-
scribes Quantum-Chromo-Dynamics (QCD), i.e. the interaction between gluons and massive
fundamentally charged quarks. The second Lagrangian LsQCD describes Scalar-Quantum-
Chromo-Dynamics (sQCD), i.e. the interaction of gluons and fundamentally charged massive
complex scalars. The gauge group is SU(N) and the coupling is encoded in the covariant
derivative
Dij = @ ij   i gAa (T a)ij : (2.31)
Note that in the above theory, in contrast to the Standard model, the quarks and scalars are
only charged under one gauge group, i.e. it only mimics the mathematical structure of the
strong force. In addition to the YM Feynman rules given in section 2.1, we have the new
propagators
P
i j
=
i j
i
=P  m 
; (2.32)
P
i j
=
i j
i
P 2  m2
; (2.33)
2Technically speaking it is a consequence of Slavnov-Taylor identities [68],[69].
3This is in contrast to QED amplitudes where only the Fermion momenta have to be on-shell.
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and the vertices (all momenta are ingoing)
a
i
j
= i g a(T a)ji ; (2.34)
a
i
j
= i g(pi   pj)a (T a)ji ; (2.35)
a
i
b
j
= i g2abfT a; T bgji ; (2.36)
where we denote quarks as solid lines, scalars as dashed lines and gluons as wiggly lines.
External gluons are contracted with their polarization vectors, scalars are not contracted
with anything and an external quark/antiquark line, which must start and end externally
in a tree level diagram, is sandwiched in between appropriate spinors u(p); v(p); u(p); v(p)
depending the type and directions of the quark/antiquark.
The question of a tree level proper color decomposition in (2.28) has only recently been
addressed in [26, 70] and proven [67]. The construction is much more involved compared to
the pure YM case due to new color structures given by products of the SU(N) generators
with open quark/antiquark (or scalar/antiscalar) avor indices, i.e.
(T a1 T a2   T ak)ij : (2.37)
We call the resulting proper decomposition Melia-Johansson-Ochirov (MJO) basis and
we will discuss it for QCD scattering amplitudes while keeping the straightforward sQCD
generalization in mind.
The formula for n external particles with k quark/antiquark pairs and n   2k gluons
reads
An;k =
(n;k)X
2MJO basis
C(1; 2; )AQCD(1; 2; ) ; (2.38)
where (n; k) = (n 2)!k! is the dimension of the basis. Quarks and antiquarks are marked
with under-scores or over-scores respectively. Without loss of generality we take the avors
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of all k quark lines to be distinct. We observe that two legs have been xed in the partial
amplitudes A(1; 2; ). This introduces a preferred quark/antiquark line in all diagrams. We
shall call this line base quark line. The MJO decomposition is almost equivalent to a YM
amplitude An in the KK-/DDM-basis (2.22)(2.25) except that the xed quark labels must
stay adjacent. The set of partial amplitudes in the MJO-basis denes the permutation n
AQCD(1; 2; )
 2 Dyckk 1  fgluon insertionsgn 2ko :
More explicitly, the last n 2 arguments of the partial amplitudes have to form a valid Dyck-
word which encodes the distribution of all quark/antiquark lines in the diagrams, except for
the base quark line.
One way to dene valid Dyck-words in this context is to assign a bracket to each quark
line, i.e. a bra \fij\ to a quark with avor ai and a ket \ji + 1g\ to the corresponding
antiquark with the same avor. We will later show how to associate bracket expression to
color structures by using associations of the form
fij(T ai)ji+ 1g = (T ai)kiki+1 : (2.39)
Note that in our notation of the amplitude, we label the quarks by their momentum but
implicitly group them by their avor. More explicitly, a quark with some unique avor
carries an odd value label and the corresponding anti-quark carries an even value label
obtained from the odd value by an increase of one. For example, the base quark line 1  2
has avor a1 and is by convention complex conjugated. Another one could be 5 ! 6 with
avor a5 and so forth. A valid Dyck word is then a sequence of bras and kets such that
at any point in the sequence the number of bras is bigger or equal to the number of kets
and every bra is closed by the uniquely associated ket. For example take an amplitude with
k = 3,n = 6, i.e. three quark lines with avors a1,a3 and a5. The permutations  in the
amplitudes arguments are then formed from bras and kets f3j,f5j, j4g,j6g with the valid
Dyck words
f3j4gf5j6g ; f3jf5j6g4g ; f5j6gf3j4g ; f5jf3j4g6g ; (2.40)
an the corresponding partial amplitudes are then
A(1; 2; 3; 4; 5; 6) ; A(1; 2; 3; 5; 6; 4) ; A(1; 2; 5; 6; 3; 4) ; A(1; 2; 5; 3; 4; 6) : (2.41)
An example for an invalid Dyck word would be f3jf5j4g6g since the bra with avor a5 cannot
be closed with a ket of avor a3.
The other part in  are the gluon insertions. Given a valid Dyck word, gluons are inserted
at any possible position except between the base quark line 1  2. Thus a generic partial
amplitude may look like
A(1; 2; 3; 7; 8; 5; 9; 6; 4) ;
with gluons 7,8 and 9. The corresponding valid Dyck word would be
 = f3j78f5j9j6gj4g :
We now turn to the MJO color structure in (2.38). It is given by [26]
C(1; 2; ) = ( )k 1 f2jj1g

q ! fqjT b 
 bl 1
q ! jqg
g ! agl
: (2.42)
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The Dyck word  is inserted in terms of brackets and gluons labels turning the color structure
into a valid Dyck word which is then read from left to right and every time one encounter a
bra, which is not f2j, or a gluon label the given replacement rule is used. This is straight-
forward once we dene
al =
lX
s=1
1
 : : :
 1

sz }| {
T a 
 1
 : : : 1
 1| {z }
l
; (2.43)
and also dene l as a level of nestedness in the Dyck word which is the number of bras minus
the number of kets to the left of the position in the Dyck word. One also denes T
a
ji :=  T aij
in analogy to fabc =  f cba. Note that the al form a representation of the gauge group Lie
algebra
[al ;
b
l ] =
~fabccl ;
~fabc = i fabc (2.44)
with the introduction of a normalized structure constant. We can also see explicitly that the
outermost bracket is f2j1g, the complex conjugate of f1j2g and mere convention. For the
same reason we see that the last tensor product in al is barred.
Let us explain the ner technical details of (2.42) through examples. First consider
C(1; 2; 3; 4; 5; 6) = f2jf3jT a3 
 a31 j4gf5jT a5 
 a51 j6gj1g
= f2jf3jT a3 
 T a31 j4gf5jT a5 
 T a51 j6gj1g
= f2j T a3 T a5 j1gf3jT a3 j4gf5jT a5 j6g = (T a5T a3)i1i2 T a3i3i4 T
a5
i5i6
:
(2.45)
Here we learn that the tensor product moves Lie algebra generators from the most inner
layer of brackets into outer layers of brackets. Note that due to the structure of l, the last
tensor product has to be barred since it always ends up in the outermost layer f2j1g. Thus
f2j1g will only contain complex conjugates of the Lie generators and in the last step this
bracket is complex conjugated. Finally, one uses the association (2.39).
The second example includes a gluon
C(1; 2; 3; 5; 4) =  f2jf3j(T a3 
 a31 )a52 j4gj1g
=  f2jf3j(T a3 
 T a3)(1
 T a5)j4gj1g   f2jf3j(T a3 
 T a3)(T a5 
 1)j4gj1g
=  f2j T a3 T a5 j1gf3jT a3 j4g   f2j T a3 j1gf3jT a3 T a5 j4g
=  (T a5 T a3)i1i2 (T a3)i3i4 + (T a3)i1i2 (T a3 T a5)i3i4 :
(2.46)
Now that we understand the MJO color decomposition we want to give its most remark-
able, surprising and relevant result for the context of this thesis, namely that the partial
amplitudes satisfy the exact same BCJ relations for every external gluon present in the
scattering process [26], similar to partial YM amplitude, i.e.
0 =
X

p XpAQCD(1; 2; fg p) (2.47)
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where p is a gluon momentum. This formula was proven in [71, 72] and it is in perfect
agreement with the previously introduced BCJ relations for YM amplitudes (2.19).
We end this section by stressing that the exact same decomposition is straightforwardly
obtained for sQCD. The only adjustment that has to be done is to replace the notion of a
base quark line by a base scalar line. Furthermore, note that at no point in this section have
we explored how to actually compute the partial amplitudes in the MJO basis. This is due
to the exclusive desire for a proper color decomposition which will be of critical importance
in later chapters. Finally, we want to note that the partial amplitudes do satisfy Ward
identities for every gluon in the scattering process similar to (2.27), i.e. the shifted leg does
not have to be on-shell while all other particles must be on-shell.
2.3 Graviton Scattering Amplitudes in Einstein-Gravity
In this section we want to introduce the notion of a graviton and cover the basics of scattering
amplitudes involving gravitons. We begin by writing down the Einstein-Hilbert Lagrangian4
LEH =   2
2
p g g R ; (2.48)
where R is the usual Ricci tensor and  is the gravitational coupling constant which is
dened as the inverse of the Planck mass mPl, i.e.
 = m 1Pl =
p
32G ; (2.49)
G being the Newton constant. The tensor g is a metric of curved spacetime and
p g =p
det(g). The Ricci tensor is obtained from the Riemann tensor by contraction of two
indices
R = R

 ; (2.50)
where the Riemann tensor is dened via the Christoel symbols
R = @  

   @   +           ; (2.51)
and nally the Christoel symbols are given by
  = g
   =
1
2
g (@ g + @ g   @ g) : (2.52)
The Einstein-Hilbert Lagrangian denes the theory of general relativity (GR) which, with
incredible accuracy, describes gravity in nature as has been recently veried again through
measurements of gravitational waves by the LIGO and Virgo collaboration (see e.g. [3]).
We want to study (2.48) in a perturbative setting to extract the tree level scattering
amplitudes. Even though there exists a high desire, it is very well known and understood that
standard quantization procedures are impossible to implement in (2.48), which is sometimes
referred to as the incompatibility of QFT and GR [75]. A circumvention of this problem is
4Technically speaking, we have to add a term LGHY which denotes the Gibbons-Hawking-York boundary
term [73, 74]. This guarantees vanishing surface terms in a mathematically rigorous way.
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to imagine that the full dynamical metric g can be separated into a at, static part and a
dynamical part
g(x) =  + h(x) ; (2.53)
where h is known as the graviton and  is the gravitational coupling from (2.48). This
ansatz is known as graviton expansion. We can expand the Einstein-Hilbert Lagrangian in
terms of gravitons obtaining a perfectly quantizable eld theory of a self interacting, mass-
less, symmetric spin 2 eld in Minkowski background. We call the resulting theory quantum
general relativity (QGR).
There are three subtle and potentially problematic features we need to discuss. First,
and most obvious, QGR will be non-renormalizable from a power counting point of view due
to the negative mass dimension of . This issue is very well known and usually referred to
when talking about GR being non-renormalizable, rejecting it from being a quantum theory
of gravity realized in nature. While problematic, one may argue that we are only interested
in the eective eld theory (EFT) sector where we are restricting the dynamics up to some
energy scale well below  1 and thus avoid renormalization issues [9]. This is a reasonable
approach due to the monstrous magnitude of  1 = O(1019GeV ). Aside from that, it is by
itself interesting to study the divergent structure of QGR due to the general interest in a
consistent quantum theory of gravity. For example, it is possible to show the, non-intuitive
and surprising, result that QGR is one-loop renormalizable [76].
The second subtlety is that our perturbation parameter will necessarily be . This is
ne on rst glance due to its size  / 10 19GeV 1 but very problematic once realized that
its size is strongly dependent on the system of units used. A better perturbation parameter
would be C for some characteristic wavelength or size C of the system in question. We
keep this fact implicit and will view the expansion in  as formal.
The last issue we want to mention is that in order to plug in (2.53) into (2.48) we also
need to expand the inverse metric g and the square root of the determinant
p g in terms
of the graviton eld. This is problematic because expanding an inverse and a square root
always produces an innite number of terms leading to innitely many Feynman rules. Ad-
ditionally, all Feynman rules are highly complex due to the sheer amount of terms [10]. This
will provide an obstacle in future chapters.
Let us now establish the Lagrangian for QGR. We start with the expansion of the various
building blocks in the Einstein-Hilbert Lagrangian, i.e.
p g = 1 + 
2
h+
2
8

h2   2h h

+O(3) ;
g =    h + 2 h h  +O(3) ;
(2.54)
where we introduced the trace of the graviton as h = h and we extract the inverse expan-
sion of the metric tensor through the condition g g
 = . The full Lagrangian is then
straightforward to obtain and the leading order is given by
LEH = 1
2
@ h @
 h   1
2
@ h @
 h+ @ h
 @ h  @ h @ h +O() ; (2.55)
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where we omit higher order terms to keep the notation compact. We gauge x dieomorphism
invariance using De-Donder gauge
LGF =

@ h   1
2
@ h


2
(2.56)
and again ignore any presence of ghosts. The propagator is then given by
p
 
=
i P
p2
(2.57)
where we dened
P = ()  
1
d  2 ; () =
1
2
(  +  ) ; (2.58)
with d being the spacetime dimension.
Going further immediately confronts us with an obstacle. The three graviton vertex will
have 171 terms [10] and the four graviton vertex around 1000. We will refrain from writing
out the results explicitly, since we will be able to explore simplications and practicalities in
later chapters. At this point we want to complete the Feynman rules by giving the external
leg rule. Every incoming external graviton is contacted with its polarization tensor "i (p; r; q)
where the corresponding graviton carries momentum p and the polarization also depends on
two arbitrary reference momenta q,r. Outgoing gravitons are contracted with the conjugate
tensor. The graviton is a massless, traceless, symmetric spin 2 particle and thus carries
two degrees of freedom given by its helicity states which are either +2 or  2. It is clearly
possible to encode this structure into a representation of the graviton polarization tensor via
a product of gluon polarization vectors, i.e.
"i (p; r; q) = "

i (p; q) "

i (p; r) : (2.59)
The polarization tensor satises on-shell conditions inherited from (2.8) and it is clearly
traceless.
Scattering amplitudes can be computed straightforwardly but with an enormous eort
due to the size of intermediate expressions. They will be of the schematic structure
Mn(1; ::; n) =
X
i2graphs
~Ni
Di
; (2.60)
where ~Ni are the kinematic numerators obtained from Feynman rules. They have two powers
of polarization vectors for every leg and a unit dimension twice the size of a YM numerator
in (2.9), i.e. [ ~Ni] = 2 [Ni]. The Di are again the propagator structures.
Since gravitons are not charged under any non-abelian group, no ordering preferences
exist in the amplitude and thus no partial amplitudes have to be introduced.
Regarding Ward identities (2.27) the trivial generalization holds, i.e. for every polariza-
tion tensor "i (p; q) "

i (p; r) we can shift either polarization vector by its momentum without
changing the amplitude. Again, the shifted leg does not have to be on-shell compared to all
other particles in the scattering.
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2.4 Scattering between Gravitons and Matter
In this section we want to introduce the coupling of gravitons to fermionic and bosonic
matter. In particular, we want to couple gluons, massive quarks and massive fundamental
scalars to gravitons. We will nish this section by modifying the previously introduced proper
color decompositions to scattering scenarios including gravitons.
We start with the straightforward implementations of gravitons in bosonic QFTs, i.e.
YM and sQCD. The rst step is to take the Lagrangian of such a theory and promote
its coordinate symmetries to dieomorphism invariance through the standard replacement
[75, 77]
L(; @)! p gL(g;r) + LEH ; (2.61)
where we only focus on the Minkowski metric dependence of the theory which we then
replace by a generic dynamical metric, multiply the Lagrangian by
p g and replace any
partial derivative by a covariant derivative which involves a spin connection. Finally, we add
the Einstein-Hilbert action (2.48). Doing so for YM and sQCD yields their generalization
into curved spacetime
LYM =  1
4
  Fa F
a

! 
p g
4
g g Fa F
a
 + LEH ;
LsQCD =  (D )y (D ) m2 y 
!p g

g (D )
y (D ) m2 y 

+ LEH :
(2.62)
The second step is to plug in the graviton expansion (2.53), thus introducing gravitons. At
this point the construction is nished. Gauge xings are only done at this point. The re-
sulting theories are called Einstein-Yang-Mills (EYM) and Einstein-scalar-quantum-chromo-
dynamics (EsQCD). Both are power counting non-renormalizable and of high complexity
due to the appearance of graviton self interactions and innite many Feynman rules. Using
Feynman gauge for gluons and De-Donder gauge for gravitons, we obtain vertices with up
to one graviton carrying momentum p
a

c
d
b
= (ig2)
h
fabef cde(Pacbd + Pbdac   Pbcad
  Padbc) + facef bde(Pabcd + Pcdab
  Pcbad   Padbc) + fadef bce(Pacbd
+ Pdbac   Pdcab   Pabdc)
i
;
(2.63)
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a
b
=  ig
h
Pab pa  pb + abp(b p)a   a(p)b pba
  b(p)a pab +
1
2
paa p
b
b
i
;
(2.64)

c
a
b
= gfabc
h
Pab(pb   pa)c + Pac(pa   pc)b
+ Pbc(pc   pb)a + abc((pb   pa))
+ acb((pa   pc)) + bca((pc   pb))
i
;
(2.65)

i
j
= i

1
2

  pi  pj  m2i + p(i p)j  ji ; (2.66)

i
a
j
= ig

1
2
 (pi   pj)a   a((pi   pj))

(T a)ji ; (2.67)
a
b
j
i

=  ig2PabfT a; T bg ; (2.68)
where we use notations previously introduced in (2.57). Higher vertices can be found in
[77].
In the case of QCD we use the Vielbein formalism in order to expose the explicit geo-
metrical dependence, i.e.
LQCD =  
 
i =D  m 

 
!p g  

ia ea

@   i
2
Sab !
ab
   igA

 m 

 ;
(2.69)
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where latin indices are at and greek are curved. We have introduced the Vielbeins ea with
inverses ea, the spinor representation of the Lorentz algebra Sab =
i
4 [a; b] and the spin
connection
!ab =
1
2
ea @e
b +
1
2
ea eb @ g   (a$ b) : (2.70)
From
ea e
b
 ab = g ; (2.71)
we can deduce the graviton expansion to lowest order
ea = 
a
 +

2
ha +O(2)
ea = 

a  

2
ha +O(2) ;
(2.72)
thus obtaining the Einstein-QCD (EQCD) Lagrangian
LEQCD = LQCD + 
2
 
h
h (i =D  m )  i=hD   2 (@a =hb)Sab
i
 +O(2) ; (2.73)
yielding the one graviton Feynman rules

i
j
=
i
2



=pi  m +
1
2
=p

  ((pi + 1
2
p))

j
i ; (2.74)

i
a
j
=
ig
2
h
a   a()
i
(T a)ji : (2.75)
Regarding the previously discussed proper color decompositions not much is changing.
Gravitons do not participate in any ordering procedures thus we can proceed in the same
fashion as we would for lower point amplitudes without gravitons. Therefore all decomposi-
tions generalize trivially and we write
AEYMn;m =
X
2Sn 2
CKK=DDM(1; ; n)A
EYM(1; ; n;h1; h2; :::; hm) ; (2.76)
for a proper decomposition of EYM amplitude with n gluons and m gravitons, which we
separate in the amplitude argument using a semicolon, in either the KK or DDM basis.
Equivalently we write
AEsQCDn;k;m =
(n;k)X
2MJO basis
C(1; 2; )AEsQCD(1; 2; ;h1; :::; hm) ; (2.77)
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for a scattering with n  2k gluons k fundamental/anti-fundamental pairs and m gravitons.
Ward identities are again satised for every gluon and graviton where the shifted particle
does not have to be on-shell. Interestingly, neither amplitudes satisfy BCJ relations.
Note that we only consider scattering amplitudes with no graviton propagators connecting
colored particles. In the case of EYM amplitudes this is sometimes referred to as single trace
sector.
2.5 Universal Properties of Gauge and Gravity Amplitudes
Scattering amplitudes possess very important and powerful factorization properties, con-
trolled by the S-matrix unitarity, which are of critical importance for infrared niteness of
physical observables [52, 53]. In this section we want to review the two arguably most im-
portant factorizations, tree level single soft- and collinear gluon and graviton limits [78{80].
Given any partial tree level amplitude which involves an external gluon with momentum
q, we can probe the analytic behavior in the limit q !  q and  ! 0. This limit is called
single soft gluon limit and the analytic structure of the amplitude is [79{81]
lim
!0
An(:::; a;  q; a+ 1; :::) = g

1

S
(0)
YM + S
(1)
YM

An 1(:::; a; a+ 1; :::) +O() ; (2.78)
where we observe a factorization into a lower point amplitude and prefactors to which we
will refer to as YM soft theorems
S
(0)
YM =
(q  pa+1)
q  pa+1  
(q  pa)
q  pa ; S
(1)
YM =
q q Ja+1
q  pa+1  
q q Ja
q  pa ;
(2.79)
where
Ja = 

a @

a + p

a @

pa   ($ ) : (2.80)
Above expansion is universal, i.e. independent of the other particles properties and the soft
factors are obviously gauge invariant. Nevertheless, note that the soft theorems depend on
the position of the gluon in the amplitude.
A similar expansion occurs for gravitons. We perform the same single soft limit and
obtain
lim
!0
Mn(:::; a;  q; a+ 1; :::) = 

1

S
(0)
QGR + S
(1)
QGR + S
(2)
wQGR

Mn 1(:::; a; a+ 1; :::) +O(2) ;
(2.81)
with the gauge invariant soft theorems
S
(0)
QGR =
n 1X
a=1
(q  pa)2
q  pa ;
S
(1)
QGR =
n 1X
a=1
(q  pa) (q q Ja)
q  pa ;
S
(2)
QGR =
n 1X
a=1
(q q Ja)
2
q  pa :
(2.82)
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Again, this expansion is universal [82] and, in this case, independent of the gravitons position.
Soft limits have gotten a lot of attention in the past due to very intricate connections to
hidden symmetries and spontaneous symmetry breaking [83{87]. Very recently is has been
discovered that locality together with the gluon and graviton leading single soft theorems or
gauge invariance uniquely xes the full amplitude in the case of YM and QGR amplitudes
[88] by constraining a generic polynomial ansatz. Thus any local function which satises
the leading gluon soft theorem or gauge invariant in every particle must be the associated
partial YM amplitude. The same is true for QGR amplitudes and for mixed amplitudes of
gravitons and gluons. We will use this observations as a guiding principle fortifying intuitive
constructions of amplitude connections in later chapters.
Regarding collinear limits, much less is known. A collinear limit is dened by a kinematic
conguration where two arbitrary momenta in the scattering process become proportional
pi = x p ; pj = (1  x) p ; ! pi + pj = p ; (2.83)
where x  1 is called momentum fraction and the on-shell momentum p will be called fused
momentum. We will compactly refer to such a kinematic arrangement as pijjpj . In this limit
the kinematic space naturally reduces by one particle.
For collinear gluons in a tree level YM partial amplitude two kinds of behaviors can
occur. Either the two collinear gluons are adjacent or not. In the adjacent case the amplitude
factorizes universally in the following way [89]
An(1
h1 ; 2h2 ; : : :)
1k2 !
X
h=
Split h(x; 1
h1 ; 2h2)| {z }
/ 1

An 1(ph; : : :) +O(1) ;
(2.84)
where  is a parameter controlling the divergence and the function Split h(x; 1h1 ; 2h2) is
called Splitting function (also known as the Altarelli-Parisi factor) which encapsulates the
divergent structure, i.e. the three gluon vertex. Note that the helicity dependence of the
collinear gluons is exposed explicitly in above notation and no position dependence of the
two gluons is present.
In the non-adjacent case not much is known except that the amplitude is not factorizing
and no divergences are present.
In the case of collinear gravitons also very few properties have been studied and estab-
lished. This is due to the fact that graviton amplitudes do not encode any particle ordering
dependence and thus no adjacent collinear limit can be formulated, excluding divergences.
Nevertheless, it is known that the leading collinear limit can be written as a sum of a factor-
ized part with universal behavior and something else which is neither known to be universal
nor factorizable [90, 91].
Collinear limits will be of great interest in future chapters due to intricate connections
between adjacent collinear gluon limits and EYM amplitudes which we will use as a starting
point. Along the way we will ll relevant gaps in our understanding of collinear limits.
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2.6 The Yang-Mills Double Copy
A highly remarkable result of the last decade is the observation that various QFTs are
connected at the level of amplitudes [23{25, 92]. In this section we want to present one of
such connections between YM and gravity amplitudes referred to as the YM double copy
[11{13, 93]. Note that by gravity we do not necessarily mean QGR. In fact, the double copy
does not straightforwardly involve QGR except at tree level. Still, gravity always refers to a
theory of a self interacting, massless spin 2 boson. Before getting into detail about what we
mean by gravity, let us explain the double copy.
We stress that it is possible to dive very deep into this topic since it has been subject to
a great amount of very successful research [14{22, 28]. We will therefore restrict ourselves
to the basic concepts and ideas which we will use as guiding principles in later chapters. We
start by noting that scattering amplitudes at any loop order in in d spacetime dimensions in
YM and gravity theory are always of the schematic form
AYM;(L)n = iL 1 gn 2+2L
X
i2graphs
Z LY
a=1
dd la
1
Si
CiNi
Di
;
MG;(L)n = iL 1

2
n 2+2 L X
i2graphs
Z LY
a=1
dd la
1
Si
~Ni
Di
;
(2.85)
as consequence of Feynman rules. Here L is the loop level, the superscript G indicates some
gravity theory and we extracted factors of i, g,  according to the double copy convention.
We keep the standard denitions from (2.9), (2.60) for Ci, Di, Ni and ~Ni. Finally, we denote
Si as the symmetry factor for single loop level graphs.
At this point it is necessary to perform two manipulations to the YM amplitude.
First, we have to collect terms in the YM amplitude in such a way that we can restrict the
sum over all graphs to a set of cubic graphs, i.e. Feynman graphs built from three vertices
only. Clearly, the four gluon vertex poses an obstacle. The tension is relieved by associating
the contribution of every four gluon vertex in a graph to the same graph topology except
that the four gluon vertex is replaced by a sum of s-, t- and u-channel congurations. More
explicitly, we realize that the color structure of the four gluon vertex is the sum of s-, t-
and u-channel color structures weighted by sums of products of Minkowski metrics (2.7).
A minor adjustment is necessary, since the four gluon vertex will still miss the propagator
structure of a cubic diagram. This can easily be corrected by multiplying and dividing the
individual terms in the four gluon vertex by the appropriate Mandelstam invariants of the
s-, t-, and u-channel. The last step is to combine all terms by redening the YM numerator
structures such that the sum over all graphs only involves cubic diagrams. This procedure
is called decomposition of the four gluon vertex.
Let us illustrate this procedure for the all incoming four gluon amplitude
A4 = g2

CsNs
Ds
+
CtNt
Dt
+
CuNu
Du
+ "11 "
2
2 "
3
3 "
4
4 V
a1a2a3a4
1234

; (2.86)
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with the intuitive assignments
Cs =  2 fa1a2b f ba3a4 ; Ct =  2 fa2a3b f ba1a4 ; Cu =  2 fa3a1b f ba2a4 ;
Ns =
i
2
[("1  "2) p1 + 2 ("1  p2) "2   (1$ 2)] [("3  "4) p3; + 2 ("3  p4) "4;   (3$ 4)] ;
Nu = Nsj1!3!2!1 ; Nt = Nsj1!2!3!1 ;
Ds = (p1 + p2)
2 ; Dt = (p1 + p4)
2 ; Du = (p1 + p3)
2 :
(2.87)
In above expression on-shell conditions "i  pi = p2i = 0 have been used and the prefactor as-
signments are chosen such that they mimic the scattering amplitudes literature conventions.
The last term in A4 is the four gluon vertex contracted with gluon polarizations, i.e.
"11 "
2
2 "
3
3 "
4
4 V
a1a2a3a4
1234 = Cs N^s + Ct N^t + Cu N^u ; (2.88)
where
N^s =
i
2
[("1  "3) ("2  "4)  ("1  "4) ("2  "3)] ;
N^u = N^sj1!3!2!1 ; N^t = N^sj1!2!3!1 :
(2.89)
Clearly, we can dene new cubic numerators
ns = Ns +Ds N^s ; nt = Nt +Dt N^t ; nu = Nu +Du N^u ; (2.90)
which are associated to cubic diagrams and include the four gluon vertex contributions.
Hence, we can write
A4 = g2

Cs ns
Ds
+
Ct nt
Dt
+
Cu nu
Du

= g2
X
i2cubic graphs
Ci ni
Di
; (2.91)
arriving at the desired cubic representation of A4. It is clear, that this procedure generalizes
to arbitrary point- and loop-number of the YM amplitude.
The second manipulation of the YM amplitude concerns gauge invariance. Replacing
any polarization by its momentum has to nullify the full amplitude. Nevertheless, single
Feynman diagrams and thus kinematic numerators are not gauge invariant. We can see this
explicitly from our four gluon example
nsj"4!p4 = i
Ds
2
[("1  "2) ("3  (p2   p1)) + (1! 2! 3! 1) + (1! 3! 2! 1)] = Ds  ;
(2.92)
where  is dened intuitively. The result is non-zero and we may ask how gauge invariance
is manifested in the full amplitude. To do so, we sum up all contributions while using
ntj"4!p4 = Dt , nuj"4!p4 = Du 
Cs nsj"4!p4
Ds
+
Ct ntj"4!p4
Dt
+
Cu nuj"4!p4
Du
= (Cs +Ct +Cu)  ; (2.93)
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which vanishes on the support of Lie-algebra Jacobi relations
fa1a2b f ba3a4 + fa2a3b f ba1a4 + fa3a1b f ba2a4 = 0 : (2.94)
We conclude that gauge invariance is a result of the underlying Lie-algebra structure of the
gauge group. In particular, it seems that the only relevant algebra property is the Jacobi
relation and thus gauge invariance is preserved even if we replace the color structures by
arbitrary functions of the external kinematic data as long as they satisfy Jacobi relations. It
is highly remarkable that the we can show with a bit of algebra that
ns + nt + nu = 0 ; (2.95)
on the support of momentum conservation and on-shell conditions. Thus we may just replace
the color structures by the kinematic structures and obtain
ns ns
Ds
+
nt nt
Dt
+
nu nu
Du
; (2.96)
with gauge invariance in both factors of kinematic numerators. We may ask what kind of
object we have obtained by our replacement. It is a function with a cubic denominator
structure, two powers of polarization for every momentum and and doubled dimensionality,
all being properties of a cubic decomposition of a four point amplitude with external spin 2
gauge bosons. Indeed, we nd the incredible identication
MQGR4 =
2
4

ns ns
Ds
+
nt nt
Dt
+
nu nu
Du

; (2.97)
where we now explicitly refer to scattering amplitudes in QGR, i.e. four graviton scattering.
This is called the YM double copy procedure.
Let us summarize and give the general procedure and conjecture. Given any YM am-
plitude we rst read through every graph and decompose all four gluon vertices to obtain a
cubic decomposition
AYM;(L)n = iL 1 gn 2+2L
X
i2cubic graphs
Z LY
a=1
dd la
1
Si
Ci ni
Di
: (2.98)
Note that now each symmetry factor is associated with cubic graphs. This has to be ac-
counted for in the decomposition of a four gluon vertex by multiplying and dividing by
the cubic symmetry factor. Afterwards, we identify triples of color structures Ci which,
schematically, satisfy
Ci  Cj  Ck = 0 ; (2.99)
on the support of Jacobi relations. Finally, it is necessary to nd a representation of the
cubic numerators that multiply the individual color structures of above triple such that they
satisfy the same Jacobi-like relation
ni  nj  nk = 0 ; (2.100)
which is, in general, never guaranteed and was manifest by accident in the four point example.
This is the most crucial part of the double copy procedure and is called color-kinematics
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duality. We call a triple of numerators satisfying Jacobi relations color dual. If a color
dual representation of the numerators is found, the gravity amplitude is given by the simple
replacement rule
MG;(L)n = AYM;(L)n

Ci!ni ; g!2
= iL 1 gn 2+2L
X
i2cubic graphs
Z LY
a=1
dd la
1
Si
Ci ni
Di

Ci!ni ; g!2
= iL 1

2
n 2+2L X
i2cubic graphs
Z LY
a=1
dd la
1
Si
ni ni
Di
:
(2.101)
Two important points have to be discussed. First, we now again refer to some gravity theory
and not QGR as we did in the four point example. The double copy was originally observed
and conjectured at any loop level for supergravity amplitudes and it was observed that su-
persymmetry could be completely removed without changing the double copy logic. Unfor-
tunately, supergravity without supersymmetry is not directly QGR but QGR, i.e. gravitons,
augmented by a real scalar eld, the dilaton, and an antisymmetric spin 2 boson, the ax-
ion. Considering amplitudes with only external gravitons, it is easy to show that axions and
dilatons can only appear at loop level due to the absence of linear axion/dilaton terms (the
lowest order is given by their kinetic terms which are bilinear).
Second, it is highly non-trivial to nd color dual numerators. In fact, the ability to
nd them is only proven at tree level [13, 13, 94] and even though a tremendous amount of
evidence exists [28], the existence of color dual numerators is conjectural. We want to discuss
one way of nding them very briey. One can use so called generalized gauge transformations
for a triple of numerators, whose color coecients satisfy Jacobi relations, and then shift all
three numerators by the same function of momenta and polarizations
ni ! ni + ; nj ! nj + ; nk ! nk + while ci  cj  ck = 0 : (2.102)
Such a shift will not aect the full amplitude due to color Jacobi relations but the sum of
the three numerators is now modied and potentially zero.
We conclude that the double copy procedure maps gluon amplitudes to graviton ampli-
tudes with internal dilatons and axions at loop level and directly to gravitons at tree level.
We want to stress that on-shell conditions and gauge invariance play a crucial role in the
double copy construction. We will see the ideas and concepts of this section in later chapters.
2.7 Stieberger-Taylor Relations
Apart from the double copy, other relations between gravity and YM amplitudes have been
introduced recently by S.Stieberger an T.Taylor [38, 39]. They show how in certain situa-
tions single external gravitons in partial EYM amplitudes can be replaced by gluons. The
derivation is based on the eld theoretic limit of string theory amplitudes. Their rst work
concerns the collinear limit of two equal helicity gluons in a YM partial amplitude where the
nite contribution is associated, through a specic linear combination, to an EYM partial
42 CHAPTER 2. ASPECTS OF TREE LEVEL SCATTERING AMPLITUDES
amplitude where the two collinear gluons are replaced by a graviton.
The rst formula concerns the adjacent collinear case. Let us call it ST-one
x
g2
X
2Sn 3
( 1)m s(n 2)pAYMn (1; (2); :::; (n  2); n  1; n) = AEYMn 1 (1; ::::; n  2; p) ;
(2.103)
where pnkpn 1 with fused momentum p, m = f0; 1g for even and odd numbers of per-
mutations  respectively, x is the momentum fraction, g and  are the couplings of gluons
and gravitons respectively and sij = 2 pi pj are Mandelstam invariants. ST-one seems to be
pathological for x ! 0, i.e. the single gluon soft limit on one of the collinear gluons, since
it implies that the EYM amplitude vanishes. We will see that this is not the case since the
LHS of ST-one will be / 1x . Note that the leading collinear contribution cancels out because
of BCJ relations (2.19). More explicitly, consider the four point case
s3pA(1; 2; 3; 4; 5)  s2pA(1; 3; 2; 4; 5) = Split(4; 5) (s3pA(1; 2; 3; p)  s2PA(1; 3; 2; p)) + ::: ;
(2.104)
where the dots denote higher orders. We can massage the Mandelstam invariants using
momentum conservation and on-shell conditions
s3p =  s32   s31 ; s2p = s31 ; (2.105)
yielding
(s31 + s31)A(1; 2; 3; p) + s31A(1; 3; 2; p) = 2 p3X3A(1; 2; 3; p) + 2 p3X3A(1; 3; 2; p) ;
(2.106)
which is exactly a BCJ relation for gluon with momentum p3 and therefore vanishing.
It is rather counter intuitive from rst looking upon (2.103) that BCJ relations still exist
among the partial amplitudes since three legs have been xed in their position, i.e. leg 1 and
the two collinear legs, already requiring the use of all amplitude relations. The crux here is
that by switching to a collinear conguration for two of the xed legs eectively leave the
basis, since two individual BCJ relations become equal in collinear kinematics. We can also
argue that since collinear kinematics fuse two particles together we should always regard
the two collinear legs as one label which implies that (2.103) is actually in the KK/DDM
basis. This on the other hand implies that BCJ relations still exists. In fact, we will see that
ST-one can be interpreted as a deviation from BCJ relations due to collinear kinematics,
constraining a possible factorization of the sub-leading collinear limit. We will make this
point explicit in future chapters.
The second relation in [38] concerns the non-adjacent collinear limit of two gluons in
a tree level YM amplitudes. Again, a connection to an EYM tree level amplitude, with a
graviton replacing the two gluons, is given. A very similar logic to ST-one but with very
dierent technical execution. The generic formula is rather involved and we will focus on an
5-point example
AEYM(1; 2; 3; 4; p) =
 (1  x)
g2
[s25A(1; 6; 2; 5; 3; 4) + s45A(1; 2; 3; 5; 4; 6)]

5k6
: (2.107)
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We will call such relations ST-two. In this case the YM partial amplitudes have no relations
used among them, i.e. only leg 1 is xed. This is due to the fact, that only non-adjacent
collinear congurations are considered and KK- as well as BCJ-relations move both legs
adjacent. We will not dive deeper into this identity but rather focus on ST-one.
The last relation is presented in [39] and follows from ST-one through a single soft limit
on one of the collinear constituents, i.e. either x! 0 or x! 1. In this limit the sub-leading
collinear limit factorizes and ST-one transforms intoX

"p XpAYM(1; 2; f3; :::; ng fpg) = 
2g2
AEYM(1; :::; n; p) ; (2.108)
where we use the notion of a region momentum Xp dened in (2.20) and "p is the fused
polarization vector of the two collinear momenta. We call this relation ST-three. The YM
amplitudes on the LHS are in the KK or DDM basis and no residual information of collinear
kinematics is left over. Thus ST-three is an exact statement in all kinematic regions. The
similarity to BCJ relations is striking and in fact we can interpret BCJ relations as the gauge
invariance condition on an EYM amplitude, i.e. replacing the graviton polarization by the
associated momentum will also involve a replacement in amplitudes prefactors on the LHS
reproducing BCJ relations exactly. Note that this interpretation is dierent to ST-one which
we understood as a deviation from BCJ relations without any connection to gauge invariance
at rst glance.
In order to avaoid any confusion, we want to stress that no internal gravitons are present
in all above formulae.
We end this chapter noting a key dierence between the YM double copy and ST relations.
While the double copy refrains from any color decomposition and requires a very specic set
up using color kinematics duality, ST relations do not involve any color at all and work at
the level of partial amplitudes. We will explore this discrepancy in an upcoming chapter
with the specic question whether both types of gluon/graviton connection can be brought
on equal footing.
2.8 The Cachazo-He-Yuan Formalism
Arguably one of the biggest disadvantages in computing scattering amplitudes with Feynman
diagrams is the size of intermediate expressions, especially when dealing with non-abelian
gauge or gravity theories. It is therefore a remarkable result that there exists a formula
yielding compact expressions for tree level scattering amplitudes in a wide variety of theories
and in arbitrary spacetime dimensions. This formula is called Cachazo-He-Yuan formalism
(CHY). It was proposed in [48{50, 95, 96] and proven shortly after in [97]. In the, so-called,
CHY frame, tree level scattering amplitudes with massless external bosons are expressed
through a fully localized intergral over a punctured Riemann sphere CP1. The formula reads
AThn (fp; "g) =
Z
CP1
dn IThn (fp; "; g) ; (2.109)
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where p; " is the set of all external momenta and polarizations, i.e. fp; "g = fp1; "1; :::; pn; "ng
and the superscript \Th\ denotes a theory sensitivity. Note that, traditionally all coupling
constants are neglected. Let us dissect above formula. Each external particle with data
fpi; "ig is associated with a puncture i on CP1. The integral is then taken over the punctures
with measure
dn = d
0n0n
d0n = (ij jk ki)
nY
a=1
a 6=i;j;k
da ; 
0
n = (pq qr rp)
nY
b=1
b 6=p;q;r
(fb) ;
(2.110)
where we introduced the shorthand ab = a   b =  ba and the objects fa
fa =
nX
b=1
b 6=a
2 pa  pb
a   b ; (2.111)
which enforce the, highly gripping, scattering equations
fa = 0 ; (2.112)
through a delta function constraint, thus relating momenta and punctures in a non-linear
way. Scattering equations have a long history in a wide range of topics [98{104]. From the
denition of the measure we learn that the integral is only performed for n   3 punctures.
The remaining punctures appear in a specic product combination. Equivalently, only n  
3 scattering equations appear as delta constraints thus fully localizing the integral. This
property originates from a gauge xing of SL(2;C) symmetry on CP1 which we shall call
modular gauge xing. We do not need to go into much detail regarding modular symmetry5
but we want to summarize two important results. The choice of indices i; j; k and p; q; r is
arbitrary. The measure is permutation invariant and the CHY integral is localized on (n 3)!
solutions [48]. The measure does not carry a \Th\ index indicating universality among all
theories.
The object IThn (fp; "; g) in (2.109) is called the CHY-integrand and it determines the
theory origin of the amplitudes. The integrand is always a product of so-called CHY building
blocks, two of which are of special interest in this thesis. The rst building block is the
Parke-Taylor (PT) factor, which has a familiar structure when comparing it to a YM MHV
amplitude developed by Parke and Taylor in [61], i.e.
C(1; :::; n) =
1
1223   n 1;nn1 : (2.113)
The other building block involves an antisymmetric 2n 2n matrix 	n dened by
	n =

A  CT
C B

; (2.114)
where the entries are n n matrices given by
Aab =
(
2papb
a b a 6= b ;
0 a = b ;
B
hajhb
ab =
8<:2"
ha
a "hbb
a b a 6= b ;
0 a = b ;
Chaab =
8<:
2"haa pb
a b a 6= b ;
 P
c 6=a
2"haa pc
a c a = b :
(2.115)
5The interested reader is referred to [105]
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Here hi denotes the helicity carried by the massless boson. The building block obtained from
this matrix is Either a Pfaan or a reduced Pfaan. We separate the notation through a
prime superscript similar to the CHY measure (2.110), i.e.
unreduced: Pf 	m ; reduced: Pf
0 	n =
( 1)i+j
ij
Pf 	i;jn ; (2.116)
where the choice of i; j is arbitrary but must be unequal and taken form fi; jg 2 f1; :::; ng.
The superscript above the 	n matrix in the reduced Pfaan denotes that both rows and
columns i; j are deleted from the matrix. Note that the unreduced Pfaan can only contain
a matrix for a subset of all n external particles, i.e. m < n, since the Pfaan vanishes, on the
support of scattering equations, otherwise. In particular, the Pfaan of an antisymmetric
matrix M is dened by
PfM =
p
detM : (2.117)
Thus, key matrix manipulation techniques are inherited for a Pfaan computation, i.e. it
is possible to add a multiple of a row and its corresponding column to another row and
corresponding column without changing the value of the Pfaan. Therefore, the unreduced
Pfaan of 	n is zero since we can add n   1 rows and columns to the remaining row and
column, let us say th i'th, in which all arguments will be either fi in the A matrix of 	n or 0
in the C matrix. Thus, enforcing the scattering equation fi = 0 produces a row and column
full of zeros yielding a vanishing Pfaan. This explains the need for a reduced Pfaan [48].
Note that the Pfaan is permutation invariant and any ordering dependence of a scat-
tering amplitude is encoded in the PT factor. For gauge theory amplitudes, gauge invariance
is checked remarkably simple in the Pfaan, since a replacement "a ! pa will produce two
equal rows and columns in 	.
The most relevant integrands for YM, QGR and bi-adjoint scalar theory are given by
YM partial amplitudes: IYMn (1; :::; n) = C(1; :::; n) Pf 0	n ;
QGR partial amplitudes: IQGRn (1; :::; n) = C(1; :::; n) Pf 0	n Pf 0	n ;
Bi-adjoint scalar amplitudes: IBi adjointscalarn (1; :::; n) = C(1; :::; n)2 :
(2.118)
Note the double-copy-like structure. One of the biggest advantage of the CHY formalism
is the ability to easily consider mixed scattering scenarios between gluons, gravitons and
scalars, i.e. Einstein-scalar-Yang-Mills (EsYM) amplitudes, simply by including the proper
integrand for the particles. To make this point clear, we consider an integrand for such a
scattering, i.e.
IEsYMk+r+m(g1; :::; gk; s1; :::; sr;h1; :::; hm) = C(g1; :::; gk; s1; :::; sr)C(s1; :::; sr) Pf 	m Pf 0	k+m ;
(2.119)
with k gluons, m gravitons and r scalars. Thus, we get a PT factor for all gluons and scalars,
one PT factor for all scalars, a unreduced Pfaan for the gravitons and one reduced Pfaan
for all gluons and gravitons. Note that every graviton and gluon appears with the correct
amount of polarization vectors.
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We will end this section with a qualitative discussion of the eciency and practical value
of the CHY formalism. We note that in order to obtain a nal result, it is necessary to solve all
scattering equations (2.112) simultaneously. This is problematic because every puncture i
appears in a denominator and thus one has to solve a high degree polynomial for every i in a
general setting. A solution quickly becomes unreachable analytically (and also numerically).
There exist various proposals to circumvent this issue by using certain algorithms [106{
108] but overall no real breakthrough has occurred, thus devalue the CHY formalism to a
useful tool for amplitude computations. So why is it that we care about it? The striking
advantages are that it is the only formula which captures the analytic form of non-abelian
gauge and gravity amplitudes in a compact way up to any number of external legs, making
it the perfect playground to test and derive new universal mathematical statements about
amplitudes. Furthermore, it is the only formalism that allows to study relations between
amplitudes in dierent theories due to its building block structure. The price to pay is
then the lack of eciency. In the next section we will be introducing basic computational
techniques for the CHY formalism which will allow us to derive and proof very powerful
statements about gauge and gravity amplitudes with elegant simplicity.
2.9 The Insertion Operator
In this section we want to introduce computational techniques in the CHY frame. We will
derive, and thus proof, relations between partial YM amplitudes introduced in section 2.1.
A color ordered YM amplitude is given in the CHY frame as
AYMn (1; :::; n) =
Z
CP1
dn C(1; :::; n) Pf
0	n : (2.120)
Cyclicity and reectivity are proven trivially, since the Pfaan and measure are permutation
invariant and the explicit structure of the PT factor is reective and cyclic invariant. In order
to prove KK and BCJ relations we introduce the notion of an, very useful, insertion operator
S(a; b; c) =
ac
ab bc
=
1
ab
+
1
bc
=  S(c; b; a) ; (2.121)
with a very nice and obvious decomposition property
S(a; b; c) = S(a; b; k) + S(k; b; c) ; (2.122)
for some label k 6= a; b. From this denition it is trivial to see that any PT factor can be
recursively obtained via
C(1; :::; a; b; c; :::; n) = S(a; b; c)C(1; :::; a; c; :::; n) ; (2.123)
with the straightforward generalization through the iterative use of (2.122), i.e. given some
set B = fb1; :::; bmg  f1; :::; ng and a label k =2 f1; :::; ng we get
S(a; k; c)C(1; :::; a; B; c; :::; n)
=
 
S(a; k; b1) +
m 1X
i=1
S(bi; k; bi+1) + S(bm; k; c)
!
C(1; :::; a; B; c; :::; n)
=
X

C(1; :::; a; fBg fkg; c; :::; n) ;
(2.124)
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with the shue product as dened in (2.17).
We can prove KK relations for the PT factor, and thus the amplitude, by consid-
ering a specic arrangement of insertion operators, i.e. for some disjoint sets of labels
A = fa1; :::; ang and B = fb1; :::; bmg we can write
C(1; A; k;B) =
n 1Y
i=1
S(1; ai; ai+1)S(1; an; k)C(1; k; B)
= ( 1)n
n 1Y
i=1
S(ai+1; ai; 1)S(k; an; 1)C(k;B; 1) ;
(2.125)
obtained from a repeated use of (2.123) and anti-symmetry in the peripheral labels of the
insertion operator (2.121). Using (2.124) repeatedly yields
n 1Y
i=1
S(ai+1; ai; 1)S(k; an; 1)C(k;B; 1) =
X

C(1; k; fBg fan; an 1; an 2; :::; a1g) ;
(2.126)
since the insertion of ai can only occur somewhere in between ai+1 and 1, i.e.
S(an; an 1; 1)
X

C(k; fBg fang; 1) =
S(an; an 1; 1)
 
m 1X
i=1
C(k; :::; bi; an; bi+1; 1) + C(k; an; B; 1) + C(k;B; an; 1)
!
=
m 1X
i=1
C(k; :::; bi; an; fbi+1; :::; bmg fan 1g; 1) + C(k; an; fBg fan 1g; 1)+
C(k;B; an; an 1; 1) = C(k; fBg fan; an 1g; 1) = C(1; k; fBg fan; an 1g) :
(2.127)
Therefore we obtain the KK relations
C(1; A; k;B) = ( 1)jAj
X

C(1; k; fBg fAT g) ; (2.128)
where jAj denotes the number of elements in A and AT is the reverse ordering of A. This
proofs KK relations between YM partial amplitudes. It should be mentioned that proving
KK relations outside the CHY frame is non-trivial [65], conrming the advantages of this
formalism.
Proving BCJ relations is also remarkably simple. Any scattering equation (2.111) can be
rewritten using the insertion operator in the following way
fk
2
=  
n 1X
a=1
a 6=k;k 1
pk Xa S(a; k; a+ 1)  pk Xk 1 S(k   1; k; k + 1) (n  k) ; (2.129)
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with the region momentum Xa = (
Pa
b=1 pb) and (n   k) is the Heavyside function, i.e.
the last term is only non-zero while k < n. We can easily see that this formula is true by
expanding all insertion operators and collecting terms, i.e. choose k < n
 
n 1X
a=1
a 6=k;k 1
pk Xa S(a; k; a+ 1)  pk Xk 1 S(k   1; k; k + 1) =
 
n 1X
a=1
a 6=k;k 1
pk Xa

1
ak
+
1
ka+1

  pk Xk 1

1
k 1k
+
1
kk+1

=
 
n 1X
a=1
a 6=k
pk Xa 1
ak
 
n 1X
a=1
a 6=k 1
pk Xa 1
ka+1
=  
n 1X
a=1
a 6=k
pk Xa 1
ak
+
nX
a=2
a 6=k
pk Xa 1 1
ak
=
 
n 1X
a=2
a 6=k
pk  (Xa  Xa 1) 1
ak
  pk X1
1k
+
pk Xn 1
nk
=
nX
a=1
a 6=k
pk  pa
ka
=
fk
2
;
(2.130)
where we used pk Xk = pk Xk 1 due to p2k = 0 in the third line and Xa  Xa 1 = pa as
well as Xn 1 = pn, i.e. (2.129) is only valid on the support of momentum conservation and
on-shell conditions. Now consider the expression
fk C(1; :::k   1; k + 1; :::; n); (2.131)
where the index set inside the PT function contains all particle labels except k. With the
help of (2.129) we obtain
n 1X
a=1
pk Xa C(1; :::; a; k; a+ 1; :::; n) =
X

pk Xk C(1; f2; :::; n  1g fkg; n) (2.132)
which if inserted into (2.120) yields zero due to the enforcing of the scattering equations
therefore reproducing BCJ relations. Again, alternative proofs of BCJ relations are more
involved [66].
Chapter 3
From adjacent collinear gluons to
gravitons
This chapter is based on the published paper "Collinear limits beyond the leading order
from the scattering equations" [109], written in collaboration with Prof. Jan Plefka and Dr.
Dhritiman Nandan.
In this chapter we want to dive deeper into the connection between collinear gluons and
gravitons which we have encountered in sec. 2.7. Our goal is twofold. On the one hand, we
want to derive ST-one (2.103) from a eld theoretic point of view, contrasting the original
derivation from string theory, in order to get a deeper insight into the inner workings of ST-
three. On the other hand, we want to narrow the gap between single soft- and collinear gluon
limits in terms of established knowledge, which is highly rich for single soft gluon limits but
very deserted regarding collinear gluon limits for which only the leading, singular behaviors
are generally known. Of special importance in this regard are questions of universality and
factorization, i.e. whether a sub-leading collinear theorem exists.
We will start by computing the sub-leading collinear gluon limit for a tree level pure
YM partial amplitude. This is very hard from a Feynman-diagrammatic point of view due
to the size of the involved analytic expressions. We will circumvent this issue by using the
CHY formalism 2.8 which allows for an analytic treatment of a generic scattering amplitude
in arbitrary dimensions in a compact way. Furthermore, it also allows for an easy study of
universality due to the possibility to interchange particle types via simple replacements of
CHY building blocks. However, the CHY formalism introduces new complications. By map-
ping external kinematic data onto punctures on the Riemann sphere, it becomes necessary
to analyze and establish new techniques on how to the collinear limit, as a special kinematic
conguration, aects the positions of the associated punctures.
Afterwards, we will tackle a generic proof of ST-one by deriving an alternative linear
combination which mimics its the analytic forms. This will allow us to interpret ST-one
as a gauge invariance condition for EYM amplitudes while also constraining a sub-leading
collinear theorem.
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3.1 General considerations
We begin by briey discussing how adjacent collinear gluon limits aect tree level scattering
amplitudes, while also making rst introductions to our notation for the upcoming analysis.
Out goal is to establish a generic insight on why connections between collinear gluons and
gravitons should exist. Collinear gluon kinematics are schematically of the form (let us say
the adjacent legs i and i+ 1 go collinear)
pi = z p+ pi ; pi+1 = (1  z) p+ pi+1 ; (3.1)
where we have introduced the momentum fraction 0  z  1, the massless fused momentum
p and some small perturbation p which keeps track of the divergence in the scattering ampli-
tude. Equivalently, the associated polarizations also undergo the formal collinear expansion
"i = "p + "i ; "i+1 = "p + "i+1 ; (3.2)
where we call "p the fused polarization. A partial tree level scattering amplitude will then
have a perturbative expansion of the form
A
pijjpi+1
n (1; 2; :::; i; i+ 1; :::; n) = "

i "

i+1A
pijjpi+1
n; (1; 2; :::; i; i+ 1; :::; n)
= ("p + "

i )("

p + "

i+1)

A(0)n; +A
(1)
n; + :::

;
(3.3)
where we have extracted the collinear polarization vectors from the amplitude. The diver-
gence will be encoded in the object A
(0)
n = "

p "p A
(0)
n; . The full sub leading part is given
by
A(1)n = "

p "

p A
(1)
n; +
 
"p "

i+1 + "

i "

p

A(0)n; : (3.4)
We can directly see that it exists an explicit connection to gravitons since the above expres-
sion involves a graviton polarization tensor "p = "

p "p . Therefore, we can easily imagine
that formulae like ST-one (2.103) might exist. Note that we have not specied any theory
for the above formulae. This is a hint for universality of ST-one.
3.2 Collinear limits on the Riemann sphere
In this section we will dene and establish the technical details for the upcoming computation
of an adjacent collinear gluon limit in the CHY frame.
3.2.1 Strategy for the approach in the CHY frame
Our strategy is inspired by the study of double soft gluon limits in CHY [96]. Collinear gluons
can be adjacent or non-adjacent. For both cases we apply the same steps of computation.
Assume that two momenta pi and pj are collinear, i.e. pi + pj = p with p
2 = 0. Their
associated punctures on the Riemann sphere, i.e. i and j , are then subject to the change
of variables
1 = p   
2
; 2 = p +

2
; (3.5)
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together with a change of the associated scattering equations in the CHY measure
(fi) (fj) = (f ) (f+) : (3.6)
As a result the CHY amplitude reads
AThn (fp; "g) =
Z
CP1
dn 2 di dj (fi) (fj) IThn (fp; "; g)
= 2
Z
CP1
dn 2 d dp (f ) (f+) IThn (fp; "; g) :
(3.7)
As a next step we perform the  integral thus localizing the integral on the solutions sol of
f 

sol
= 0, i.e.
AThn (fp; "g) = 2
X
sol
Z
dn 2 dp (f+)J IThn ; (3.8)
where we used
(f ) =
X
sol
(   sol)@f @ =sol =
X
sol
(   sol)J ; (3.9)
such that J is the Jacobian of the variable transformation dened above. Using such a
strategy seems opaque at this point but will prove successful as we shall see in the upcoming
sections.
3.2.2 Collinear Kinematics
As we are aiming at the sub-leading adjacent collinear gluon limit, we want to take control of
the divergent structure of the leading contribution via an appropriate denition of collinear
kinematics. As we also aim at an understanding of the formulae presented by S. Stieberger
and T. Taylor [38], i.e. ST-one (2.103), we shall use similar kinematic denitions. All
kinematic denitions in [38] are presented using spinor-helicity variables, which are key
components in the spinor-helicity formalism 1. Its purpose is a unied description of massless
on-shell momenta and polarization vectors in 4d Minkowski spacetime through the notion
of two dierent types of spinor brackets. We will focus on its most practical results. In a
nutshell, momenta are written as
pi = jii[ij ; (3.10)
with products
2 pi  pj = hj ii[i j] : (3.11)
The spinor brackets are antisymmetric, i.e. hj ii =  hi ji, [i j] =  [j i] which implies hj ji =
[j j] = 0. Polarizations are written as
"+a = +
p
2
ja] hraj
hra ai ; "
 
a =  
p
2
jai [raj
[ra a]
; (3.12)
1For a textbook treatment see [57{60]
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where the reference spinors jra]; jrai can be chosen freely as long they are not proportional
to jpa]; jpai. The products are then
"+a  " b =  2
[rb a] hra bi
hra ai [rb b] ; "
 
a  " b = 2
[ra rb] hb ai
hra ai [rb b] ; "
+
a  "+b = 2
[a b] hrb rai
hra ai [rb b]
"+a  pb =
p
2
hb rai [a b]
hra ai ; "
 
a  pb =  
p
2
ha bi [b ra]
[ra a]
;
(3.13)
which satisfy all desired on-shell conditions (2.8).
Without loss of generality, we choose the particles with momenta p1 and p2 collinear.
Their spinors are dened as [38]
j1i = c jpi    s jri ; j1] = c jp]   s jr] ; c = cos ;
j2i = s jpi+  c jri ; j2] = s jp] +  c jr] ; s = sin ;
(3.14)
where we use the perturbation parameter  to probe the sub-leading collinear eect as ! 0
and we introduced the parameters c = cos  and s = sin  into the role of momentum
fraction with arbitrary phase . Additionally, we include a reference spinor with index r
which is not proportional to p. This ansatz translates into the covariant momenta
p1 = c
2 p   cs q + 2 s2 r ;
p2 = s
2 p+  cs q + 2 c2 r ;
(3.15)
where we dened q = jpi[rj + jri[pj. The fused momentum p now obtains corrections in 2.
The reference spinor r translates into a light-like reference momentum satisfying p  r 6= 0.
We summarize some important kinematic expressions
(p1+p2) = p+ 
2 r ; (p1 p2) = (c2 s2)(p  2 r) 2 cs q ; (p1 p2) = 2 p r : (3.16)
Collinear momenta translate into collinear polarizations. We choose the same reference
spinor r for all polarizations thus obtaining
"a  r = 0 ; 8a : (3.17)
Additionally, we expand the collinear polarizations
"1 = "

p   
s
c
~"p;r ; "

2 = "

p + 
c
s
~"p;r ; (3.18)
where we dene the fused polarization "p and
~"p;r :=
(
+
p
2 jri [rjhr pi pos. helicity
 p2 jri [rj[r p] neg. helicity :
(3.19)
The identity
~"
hp
p;r  p =  "hpp  q ; (3.20)
follows directly from "h11 p1 = "h22 p2 = 0 and it will play an important role in later sections.
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3.2.3 Scattering Equations with Collinear Gluons
Having established the precise denition of collinear kinematics, we can continue with an
analysis on how the scattering equations in the CHY measure (2.110) are aected. We
stress that gauge xing modular invariance cannot involve the collinear punctures since
one would exclude deformations of them. This is intuitively inconsistent with the CHY
philosophy linking changing kinematic behaviors to changes of puncture positions on the
Riemann sphere.
As already discussed in the beginning of this chapter we perform the variable change
1 = p   
2
; 2 = p +

2
; (3.21)
while also changing the scattering equations f1 and f2 such that the full measure reads
dn = dn 2 d

d
 = d1 d2 (f1) (f2) = 2 dp d (f+) (f ) ;
(3.22)
where we now provide an explicit choice of transformation, i.e.
f+ = (f1 + f2) ; f  = (f1   f2)  (c2   s2)(f1 + f2) : (3.23)
This particular choice of f  will unveil its advantage at a later point in this section. The
relevant scattering equations now read
fa =
nX
b=3
b 6=a
2 pa  pb
a   b +
2 pa  p1
a   p + 2
+
2 pa  p2
a   p   2
; a 6= 1; 2
f1   f2 =
nX
b=3
 2 pb  p1
p   2   b
  2 pb  p2
p +

2   b

  4 p1  p2

f1 + f2 =
nX
b=3
 2 pb  p1
p   2   b
+
2 pb  p2
p +

2   b

:
(3.24)
Next, we want to determine solutions sol to f . This is a highly non-trivial task due to
the non-linear nature of the scattering equations. We approach this issue by performing a
numerical analysis 2 for some non-trivial multiplicity scenarios, i.e. n = 5; 6; 7 and 8 particles.
We nd that the set of solutions sol splits into two categories. On the one hand, we have
2(n   4)! degenerate solutions with vanishing deg = 21 = O(). On the other hand, we
obtain (n 5)(n 4)! non-degenerate solutions with nite non deg = O(1). Additionally, we
nd that the non-degenerate solutions are irrelevant for the computation of the sub-leading
collinear limit since their contribution to the full amplitude is of sub-sub-leading order. Thus,
it is sucient to focus on the degenerate solutions and we make the ansatz
deg =  1 + 
2 2 +O(3) ; (3.25)
2Performance is accelerated by using the polynomial form of the scattering equations presented in [110]
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i.e. 1 ! 23. With this ansatz, the scattering equations read
fa = fa + 

 (c2   s2)1
2
P2;a

+O(2) ; a 6= 1; 2
f+ = fp + 

(c2   s2)1
2
P2

+O(2)
f  = 

2c2s21P2   2csQ1   4 (p  r)
1

+ 2

4 (p  r) 2
21
  2(c2   s2)R1 + 2c2s22P2 + 1(c2   s2)csQ2

+O(3) ;
(3.26)
where we have introduced the modied scattering equations for n  1 particles as
fa =
nX
b=0
b 6=a
2 pa  pb
a   b ;
fp =
nX
b=3
2 p  pb
p   b ; 3  a  n ; (3.27)
along with the short-hand notations,
Pi;a = 2 p  pa
(p   a)i ; Pi =
nX
b=3
2 p  pb
(p   b)i ; Ri =
nX
b=3
2 r  pb
(p   b)i
Ri;a = 2 r  pa
(p   b)i ; Qi =
nX
b=3
2 q  pb
(p   b)i ; Qi;a =
2 q  pa
(p   b)i ; i  1 ;
(3.28)
for compactness. For fa the sum starts from 0 where p0 = p and thus the sum runs over
the set of momenta is fp; p3; p4; : : : ; png. Note that P1 = fp = O() and that f  takes the
form
f  = a1(1) + a2(1; 2) + : : : = 0 ; ! ai(1; :::; i) = 0 ; (3.29)
entirely xing the solutions for i recursively and in fact xing all i ; i  2 to be functions
of 1 only. More explicitly, we can solve for 1 from
a1 =  2 (p  r)  csQ11 + c2s221P2 = 0 ; (3.30)
with two solutions
1 = 

1 = x1 
p
x2 ;
x1 =
Q1
2csP2 ; x2 =
Q21 + 8(p  r)P2
4(c2s2)P22
:
(3.31)
From a2 = 0 we get
2
21
=
c2   s2
2
2R1   cs 1Q2
2 p  r + c2s2 21 P2
: (3.32)
We can see explicitly that 2 is entirely xed by 1. This recursive property explains our
specic choice of f .
3It was actually known before that the degenerate solutions imply collinearity [110] but it was unknown
whether the opposite is true.
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3.3 Collinear expansion of CHY YM building blocks
In this section we will make our nal preparations to compute the adjacent gluon sub-
leading collinear limit in the CHY frame. We already established that the amplitude takes
the analytic form (3.8). For pure YM amplitudes we have
AYMn (1; 2; :::; n) = 2
X
1
Z
dn 2 dp (f+)J Cn(1; 2; :::; n) Pf 0	n : (3.33)
Note that the sum over degenerate solutions has reduced to the sum of solutions to 1 which
is a consequence of the observation that the solutions of 1 x all i.
We now expand the building blocks in  while inserting all expansions from the last two
sections.
3.3.1 Jacobian
We write
J = J0 + J1 +O(2) ; (3.34)
with
J0 = 1
2
21
2(p  r) + c2s2P2 21
;
J1 = J 20

8(p  r) 2
31
  cs(c2   s2)Q2

:
(3.35)
Note that we can also write (3.32) as
2 = (c
2   s2)J0 (2R1   cs 1Q2) : (3.36)
3.3.2 Measure.
The CHY measure takes the form
dn 2 dp (f+) = d
(0)
n 1 +  d
(1)
n 1 +O(2) ; (3.37)
with
d
(0)
n 1 = dn 2 dp ( fp) ; (3.38)
and
d
(1)
n 1 = (c
2   s2) d0n 2 dp 1
2
 
P2 0( fp)0(0)n 2   ( fp)
nX0
a=3
P2;a0( fa)0(0)n 3;a
!
; (3.39)
where
0(x) =
@ (x)
@ x
; 
0(0)
n 3;a =
nY
i=3
i 6=a
( fa) ;
nX0
a=3
= (ij jk ki)
nX
a=3
a 6=i;j;k
: (3.40)
The denition of the primed sum results from gauge xing modular invariance.
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3.3.3 Parke-Taylor factor.
We obtain,
Cn(1; 2; :::; n) =
1

C(0)n + C
(1)
n +O() ;
C(0)n =  
1
1
Cn 1(p; 3; :::; n) ; C(1)n = Cn 1(p; 3; :::; n)

2
21
+
1
2
S(n; p; 3)

;
Cn 1(p; 3; :::; n) =
1
34 : : : np p3
;
(3.41)
where S(n; p; 3) is the insertion operator (2.121).
3.3.4 The matrix 	n.
We write the matrix (2.114) with more emphasis on the collinear entries
	n =
0BBBBBBBB@
0 A12 A1b  Ch111  Ch221  Chdd1
A21 0 A2b  Ch112  Ch222  Chdd2
Aa1 Aa2 Aab  Ch11a  Ch22a  Chdda
Ch111 C
h1
12 C
h1
1b 0 B
h1jh2
12 B
h1jhd
1d
Ch221 C
h2
22 C
h2
2b B
h2jh1
21 0 B
h2jhd
2d
Chcc1 C
hc
c2 C
hc
cb B
hcjh1
c1 B
hcjh2
c2 B
hcjhd
cd
1CCCCCCCCA
: (3.42)
We expand the components individually:
1. A-matrix:
A1b = c
2Apb + 

1
2
c2A
(2)
pb   c sQb

; A2b = s
2Apb   

1
2
s2A
(2)
pb   c sQb

;
A12 =  2 p  r
1
+ 2 2 p  r 2
21
:
(3.43)
2. B-matrix:
B
h1jhb
1b = B
h1jhb
pb + 
1
2
B
h1jhb;(2)
pb ; B
h2jhb
2b = B
h2jhb
pb   
1
2
B
h2jhb;(2)
pb ;
B
h1jh2
12 =
(
0 h1 = h2
2
 1
  2 2
21
h1 6= h2 :
(3.44)
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3. C-matrix:
Chbb1 = c
2Chbbp   

1
2
c2C
hb;(2)
bp + csC
hb
bq

; Chbb2 = s
2Chbbp   

1
2
s2C
hb;(2)
bp   csChbbq

;
Ch11b = C
h1
pb + 

1
2
C
h1;(2)
pb  
s
c
Eh1b

; Ch22b = C
h2
pb + 

 1
2
C
h2;(2)
pb +
c
s
Eh2b

;
Ch112 =
s
c
2 ~"h1p;r  p
1
   s
c
2 ~"h1p;r  p
1
2
1
; Ch221 =
c
s
2 ~"h2p;r  p
1
   c
s
2 ~"h2p;r  p
1
2
1
;
Ch111 = C
h1
pp  
s
c
2 ~"h1p;r  p
1
+ 
 
1
2
Ch1;(2)pp +
s
c
2 ~"h1p;r  p
1
2
1
+
s
c
Eh1
!
;
Ch222 = C
h2
pp  
c
s
2 ~"h2p;r  p
1
+ 
 
 1
2
Ch2;(2)pp +
c
s
2 ~"h2p;r  p
1
2
1
  c
s
Eh2
!
;
Chaaa = C
ha
aa +  (c
2   s2) 1
2
Cha;(2)ap ;
(3.45)
where we also introduced the short-hand notation
Chbbq =
2 "hbb  q
b   p ; A
(i)
pb =
2 p  pb
(p   b)i ; B
hpjhb;(i)
pb =
2 "
hp
p  "hbb
(p   b)i ;
C
hb;(i)
bp =
2 "hbb  p
(b   p)i ; C
hp;(i)
pb =
2 "
hp
p  pb
(p   b)i ; C
hp;(i)
pp =  
nX
b=3
2 "
hp
p  pb
(p   b)i ;
Ehrb =
2 ~"hrp;r  pb
pb
; Ehr =
nX
b=3
Ehrb :
(3.46)
3.3.5 The Pfaan Pf 0 	n.
Knowing the expansion of the matrix entries, the expansion of the Pfaan follows directly
from its recursive denition
Pf 0	n = ( 1)n+1
2nX
j=1
j 6=i
( 1)i+j+1+(j i)	ij Pf 0	i;jn : (3.47)
In this formula we expand along row j, (j   i) is the Heaviside function, 	ij is the matrix
element at position (i; j) and 	i;jn is the matrix 	n with both deleted rows and columns i; j.
By denition Pf(	1;:::;nn ) = 1. For the sub-leading order we will also need the denition of
the derivative
@
@
Pf 0	n = ( 1)n+1
2n 1X
i=1
2nX
j=i
( 1)i+j+1@	i;j
@
Pf 0	i;jn : (3.48)
For the leading order we have two distinct cases for the helicity.
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Equal helicity case
In this case we have h1 = h2 = h. Our choice of reference vector r for all polarizations sets
B
h1jh2
12 = 0. The computations simplify dramatically if we perform the following manipula-
tions:
1. Add row/column 1 to 2.
2. Subtract c2 times the new second row/column from the rst row/column.
Doing so, we obtain
	n =
0BBBBBBBB@
0 A12  ~A1b  s2Ch11 + c2Ch12 c2Ch22   s2Ch21   ~Chdd1
A21 0 ~A2b  Ch12   Ch11  Ch22   Ch21   ~Chdd2
 ~Aa1 ~Aa2 Aab  Ch1a  Ch2a  Chdda
s2Ch11   c2Ch12 Ch12 + Ch11 Ch1b 0 0 Bhjhd1d
s2Ch21   c2Ch22 Ch22 + Ch21 Ch2b 0 0 Bhjhd2d
 ~Chcc1
~Chcc2 C
hc
cb B
hcjh
c1 B
hcjh
c2 B
hcjhd
cd
1CCCCCCCCA
;
(3.49)
with
~A1b = 1s
2c22A
(2)
pb   csQb +O() ;
~A2b = Apb +  (c
2   s2) 1
2
A
(2)
pb +O(2) ;
~Chdd1 = 1s
2c2C
hd;(2)
dp + csC
hd
dq +O() ;
~Chdd2 = C
hd
dp    (c2   s2)
1
2
C
hd;(2)
dp +O(2) :
(3.50)
Note that A12 is also of O(). We expand the Pfaan along the rst row/column and write
Pf 0	n = Pf 0(0)	n +  Pf 0(1)	n +O(2) : (3.51)
The leading contribution is thus
Pf 0(0)	n =
 1p
2
(s2Ch11   c2Ch12) Pf 0(	1;n+1n ) 
1p
2
(c2Ch22   s2Ch21) Pf 0(	1;n+2n )
=   1p
2
(Chpp   Ch12   Ch21) Pf 0(	n 1) =  
1p
2
 
Chpp  
2 ~"hp;r  p
c s 1
!
Pf 0	n 1 ;
(3.52)
since all other contributions in the Pfaan expansion are proportional to . Note that 	n
with deleted rst row/column will have the two equal rows/columns (n + 1) and (n + 2)
in the collinear limit. The matrix 	n 1 is the matrix associated with the (n   1) particle
amplitude, i.e.
	n 1 =
26664
0 Apb  Chpp  Chddp
Aap Aab  Chpa  Chdda
Chpp C
h
pb 0 B
hjhd
pd
Chccp C
hc
cb B
hcjh
cp B
hcjhd
cd
37775 : (3.53)
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Opposite helicity case
Without loss of generality, we study the case h1 = +1 ; h2 =  1. If we compare this
situation to the equal helicity case, we can spot two main dierences. First, the matrix
(3.49) will not have two equal rows/columns in the limit  ! 0. Second, the matrix is now
carrying a divergence in the B12 =
1
 1
component. Both complications are approached by
additional matrix manipulations starting from 3.3.5, i.e.
	n =
0BBBBBBBB@
0 A12  ~A1b  s2C+11 + c2C+12 c2C 22   s2C 21   ~Chdd1
A21 0 ~A2b  C+12   C+11  C 22   C 21   ~Chdd2
 ~Aa1 ~Aa2 Aab  C+1a  C+2a  Chdda
s2C+11   c2C+12 C+12 + C+11 C+1b 0 B+j 12 B+jhd1d
s2C 21   c2C 22 C 22 + C 21 C 2b B j+21 0 B jhd2d
 ~Chcc1
~Chcc2 C
hc
cb B
hcj+
c1 B
hcj 
c2 B
hcjhd
cd
1CCCCCCCCA
;
(3.54)
is further manipulated by
1. Add  c s ~" p;r  p times the (n+ 1)'st row/column to the rst row/column ,
2. Add  c s ~"+p;r  p times the (n+ 2)'nd row/column to the rst row/column ,
while using the identities (we are using the short hand notations (3.28))
Q1;i = (~"+p;r  p) C pi + (~" p;r  p) C+pi ; Q1 =   (~"+p;r  p) C pp   (~" p;r  p) C+pp ;
C+iq = (~"
+
p;r  p) Bhij ip ; C iq = (~" p;r  p) Bhij+ip ;
(3.55)
which can be proven using spinor-helicity variables. We use (3.30) to express A12 in terms
of P2 and Q arriving at (modulo higher order terms in )
0;   1 c2 s2 P2; 1c2s2A(2)pb ;  s2C+11; c2C 22;  1c2s2C+;(2)bp

: (3.56)
Again we write
Pf 0	n = Pf 0(0)	n +  Pf 0(1)	n +O(2) ; (3.57)
where now all terms contribute due to a 1 term in the matrix, i.e.
Pf 0	(0)n =
 1p
2
h
s2
 
C+pp   C+12

Pf 0	(1;n+1)n + c
2
 
C pp   C 21

Pf 0	(1;n+2)n
i
+ G
=
 1p
2
"
s2
 
C+pp  
s
c
2 ~"+p;r  p
1
!
Pf 0	 n 1 + c
2
 
C pp  
c
s
2 ~" p;r  p
1
!
Pf 0	+n 1
#
+ G :
(3.58)
Here we dened 	 n 1 = 	
(1;n+1)
n , 	
+
n 1 = 	
(1;n+2)
n as the matrices for a (n   1) particle
scattering where the particle with fused collinear momentum has either positive or negative
helicity respectively. The object G contains all other terms of the expansion along the rst
row that are now O(1) due to the singular behavior of B12. The important point is that G
is independent of 1 due to B12 / 11 .
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3.4 Sum-over-solutions identities
After having established the relevant collinear expansions of the CHY building blocks, we
need to determine the crucial expressions regarding sums over the two solutions of 1. We
express J1 trivially as a function of J0 and equivalently 2 through 1. We summarize
X
1
J N0
M1
=
 
(x1 +
p
x2)
N M + ( 1)N (x1  px2)N M
 1
(2
p
x2h1)N
; (3.59)
which follows from
J0

1
=
1
2
1
2 s2 c2 P2| {z }
h1
+( csQ1)| {z }
h2
1
1
=
1
h1 

1 + h2
= (x1 
p
x2)
2
p
x2h1
; (3.60)
where we used (3.30) and h1 x1 + h2 = 0. Further relevant identities read
X
1
J0 21 =
Q21 + 2 (p  r)P2
4 c4 s4 P32
;
X
1
J0 1 = Q1
2 c3 s3 P2 ;
X
1
J0 = 1
2 c2 s2P2 ;
X
1
J0
1
= 0 ;
X
1
J0
21
=
1
4 p  r ;
X
1
J0
31
=   c sQ1
8 (p  r)2 ;
X
1
J0
41
=
c2 s2
 Q21 + 2 (p  r)P2
16 (p  r)3 ;
X
1
J 20
1
=
Q1
4 c3 s3DP2 ;
X
1
J 20
21
=
1
2 c2 s2D
;
X
1
J 20
31
=   Q1
8 c s p  r D ;
X
1
J 30
41
=
1
16 c2 s2 p  r D ;
X
1
J 30
51
=   Q1
32 c s (p  r)2D ;
(3.61)
where we dened D := Q21 + 8 p  rP2. Finally, we have
X
1
J02
21
=
(c2   s2)
4 cs s2D

4R1   Q1Q2P2

;
X
1
J02
31
=  c
2   s2
2 c sD

Q2 + Q1R1
2 p  r

;
X
1
J 20 2
41
=
(c2   s2)R1
8 c2 s2 p  r D ;
X
1
J 20 2
51
=   c
2   s2
16 c s p  r D
R1Q1
p  r +Q2

:
(3.62)
3.5 Reproducing the Leading order Collinear Gluon Limit
Now we are ready to compute the divergent collinear contribution for YM partial amplitudes,
checking whether our approach works. We will reproduce the leading behavior for both the
equal and mixed helicity case but will focus on the equal helicity case for the sub-leading
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order. We expect to nd the known universal behavior in terms of the helicity-dependent
split function [57, 60], i.e.
A(0)n (1
h1 ; 2h2 ; : : :) =
X
h=
Splittree h (c; 1
h1 ; 2h2)An 1(ph; : : :) +O(0) ; (3.63)
where the Split functions are traditionally given in spinor-helicity notation. The expressions
read [60]
Splittree+ (c; 1
+; 2+) = 0 ; Splittree+ (c; 1
+; 2 ) =  1

s3
c hpri ;
Splittree  (c; 1
+; 2+) =
1

1
c s hpri ; Split
tree
  (c; 1
+; 2 ) =
1

c3
s [pr]
:
(3.64)
3.5.1 Equal helicities (h1 = h2 = +)
Inserting the leading contributions of all building blocks and use the sum-over solution iden-
tities we obtain
A(0)n =   2
X
1
Z
d
(0)
n 1
 J0
 1
Cn 1
 
C+pp  
2 ~"+p;r  p
s c 1
!
Pf 0	n 1
=   2 ~"
+
p;r  p
 s c 2 p  r
Z
d
(0)
n 1 Cn 1 Pf
0(	n 1) =
p
2
 c s hp ri An 1
=
p
2 Splittree  An 1 ;
(3.65)
which, up to a trivial normalization, is the correct behavior. If necessary, one can check the
case h1 = h2 =   straightforwardly.
3.5.2 Opposite helicities (h1 = + ; h2 =  )
Due to
P
1
J0
1
= 0, the object G does not contribute and we easily obtain
A
(0)
n+2(1
+; 2 ; :::) = Splittree  An 1(P+; :::) + Splittree+ An 1(P ; :::) ; (3.66)
which is, up to a factor of
p
2, again the correct result.
3.6 The Sub-Leading Adjacent Collinear Gluon Limit
We now compute the sub-leading order contribution to the adjacent collinear gluon limit.
Even though we are mainly interested in the equal helicity case, due to its connection to EYM
amplitudes through ST-one (2.103), we will compute the expansion for any helicity congu-
ration since it can be done eortless in the CHY formalism. We will introduce appropriate
factors to keep track of both cases.
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We divide the calculation into four terms, i.e.
A(1)n = 2
X
1
Z
d0n 2 dp
h

(0)
n 1C
(1)
n J0 Pf 0(0)	n| {z }
T1
+ 
(0)
n 1C
(0)
n J1 Pf 0(0)	n| {z }
T2
+
(0)
n 1C
(0)
n J0 Pf 0(1)	n| {z }
T3
+ 
(1)
n 1C
(0)
n J0 Pf 0(0)	n| {z }
T4
i
;
(3.67)
and will now give the relevant structure of the terms in an equal- and mixed helicity
adjustable way.
3.6.1 T1: Parke-Taylor contribution
The relevant term to compute is
X
1
J0

2
21
+
1
2
Sn;p;3
  
a  Chppp   b  2 ~"
hp
p;r  p
1
!
; (3.68)
where the factors a and b can be adjusted depending on the helicity situation of the collinear
gluons, i.e. whether one uses (3.52) or (3.58) for Pf 0(0)	n. For h1 = h2 = h we have a = 1
and b = 1s c and for h1 6= h2 this term appears twice with either a = s2 and b = s
3
c or a = c
2
and b = c
3
s . We evaluate this term using sum-over-solution identities (3.61) and (3.62).
a  (c
s   s2)Chppp
4 c2 s2D

4R1   Q1Q2P2

+ b  (c
2   s2) ~"hpp;r  p
c sD

Q2 + Q1R1
2 p  r

+ a  Sn;p;3C
hp
pp
4 c2 s2 P2 :
(3.69)
3.6.2 T2: Jacobian contribution
The relevant term is
X
1
 1
1
J 20

8(p  r) 2
31
  cs(c2   s2)Q2
  
a  Chppp   b  2 ~"
hp
p;r  p
1
!
; (3.70)
which evaluates to
 a  (c
2   s2)Chppp
4 c2 s2D

4R1   Q1Q2P2

  b  (c
2   s2) ~"hpp;r  p
c sD

2Q2 + Q1R1
p  r

: (3.71)
3.6.3 T3: Pfaan contribution.
Here we consider the sub-leading expansion of Pf 0	n for an arbitrary helicity conguration
of the collinear gluons after we performed the matrix manipulations from either the equal
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helicity case or the mixed helicity case. Then
Pf 0(1)	n =
 1p
2
@
@
(x  s2Ch111   y  c2Ch112 )

=0
Pf 0	(1;n+1)n
  1p
2
@
@
(x  c2Ch222   y  s2Ch221 )

=0
Pf 0	(1;n+2)n
  1p
2
(x  s2Ch111   y  c2Ch112 )
@
@
Pf 0	(1;n+1)n

=0
  1p
2
(x  c2Ch222   y  s2Ch221 )
@
@
Pf 0	(1;n+2)n

=0
;
(3.72)
where we introduced the two numbers x; y in order to quickly switch the manipulation
scheme, i.e. x = y = 1 for h1 = h2 = h and x = 1; y = 0 for h1 6= h2. These are the only
relevant terms of any sub-leading Pfaan expansion of both (3.49) and (3.54) due to the
equality of the lines (n + 1) and (n + 2) in the h1 = h2 = h case or due to a higher order
contribution from @@  G (the reason is an involvement of higher orders in the  expansion,
i.e.  =  1 + 
2 2 + 
3 3 + O(4), which is beyond the scope of the current discussion) in
the mixed helicity case. Let us dene the (2n   2)  (2n   2) matrices 	(1;n+1)n := ~	 and
	
(1;n+2)
n := 	^ for the sake of a compact notation.
The contribution to the sub-leading order of the rst two terms in (3.72) are quickly evaluated
to be X
1
 J0
1
@
@
(x  s2Ch111   y  c2Ch112 )

=0
=
=  
 
x  s2 C
h1;(2)
pp
4 c2s2 P2   (x  s
2 + y  c2) s
c
~"h1p;r  p
(c2   s2)
s cD

Q2 + Q1R1
2 p  r
! (3.73)
X
1
 J0
1
@
@
(x  c2Ch222   y  s2Ch221 )

=0
=
=
 
x  c2 C
h1;(2)
pp
4 c2s2 P2 + (x  c
2 + y  s2)c
s
~"h2p;r  p
(c2   s2)
s cD

Q2 + Q1R1
2 p  r
!
:
(3.74)
For the last two terms we directly apply (3.48) without regarding the normalization, i.e.
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@
@
Pf 0 ~	 =
2n 2X
i=2
( 1)i @
~	1;i
@ 
Pf 0 ~	1;i| {z }
Terms with  dependence in rst row
+
n 1X
i=2
( 1)n+i+1 @
~	i;n
@ 
Pf 0 ~	i;n| {z }
Terms with  dependence in n0th column
+
2n 2X
i=n+1
( 1)n+i+1 @
~	n;i
@ 
Pf 0 ~	n;i| {z }
Terms with  dependence in n0th row
+
2n 2X
i=n+1
( 1)n @
~	n i+3;i
@ 
Pf 0 ~	n i+3;i| {z }
Terms with  dependence in the diagonal of C
not including C11
:
(3.75)
The same formula holds true for 	^. We identify
~	1;i =
8><>:
~A2;i+1 i  n  1
  ~Ch2i n+2;2 i  n+ 1
 Ch222   Ch221 i = n
; 	^1;i =
8><>:
~A2;i+1 i  n  1
  ~Ch1i n+2;1 i  n+ 1
 Ch111   Ch112 i = n
;
~	i;n =  Ch22;i+1 ; ~	n;i = Bh2jhi n+22;i n+2 ; ~	n i+3;i =  Chi n+2i n+2;i n+2 ;
	^i;n =  Ch11;i+1 ; 	^n;i = Bh1jhi n+21;i n+2 ; 	^n i+3;i =  Chi n+2i n+2;i n+2 :
(3.76)
The rest of the calculation is straightforward. Taking into account the 1 dependence of C
(0)
n
and J0, we compute
 1p
2
X
1
 J0
1
(x  s2Ch111   y  c2Ch112 )
@
@
Pf 0	(1;n+1)n

=0
=
1p
2
x  s2Ch1pp
4 cs s2 P2
n n 1X
i=2
( 1)i (c2   s2)A(2)p;i+1 Pf 0 ~	1;i
+
2n 2X
i=n+1
( 1)i (c2   s2)Chi n+2;(2)i n+2;p Pf 0 ~	1;i + ( 1)nCh2;(2)pp Pf 0 ~	1;n
+
2n 2X
i=n+1
( 1)n+iBh2jhi n+2;(2)p;i n+2 Pf 0 ~	n;i  
n 1X
i=2
( 1)n+iCh2;(2)p;i+1 Pf 0 ~	n;i
 
2n 2X
i=n+1
( 1)n (c2   s2)Chi n+2;(2)i n+2;p Pf 0 ~	n i+3;i
o
+
( 1)n+1p
2
2 (x  s2 + y  c2) ~"h1p;r  pEh2 Pf 0 ~	1;n ;
(3.77)
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and
 1p
2
X
1
 J0
1
(x  c2Ch222   y  s2Ch221 )
@
@
Pf 0	(1;n+2)n

=0
=
1p
2
x  c2Ch2pp
4 cs s2 P2
n n 1X
i=2
( 1)i (c2   s2)A(2)p;i+1 Pf 0 	^1;i
+
2n 2X
i=n+1
( 1)i (c2   s2)Chi n+2;(2)i n+2;p Pf 0 	^1;i   ( 1)nCh1;(2)pp Pf 0 	^1;n
 
2n 2X
i=n+1
( 1)n+iBh1jhi n+2;(2)p;i n+2 Pf 0 	^n;i +
n 1X
i=2
( 1)n+iCh1;(2)p;i+1 Pf 0 	^n;i
 
2n 2X
i=n+1
( 1)n (c2   s2)Chi n+2;(2)i n+2;p Pf 0 	^n i+3;i
o
  ( 1)
n+1
p
2
2 (x  s2 + y  c2) ~"h2p;r  pEh1 Pf 0 ~	1;n :
(3.78)
We can compare both terms with
@
@ p
Pf 0	n 1 =
n 1X
i=2
( 1)i+1A(2)p;i+1 Pf 0	1;in 1
+
2n 2X
i=n+1
( 1)i+1Chi n+2;(2)i n+2;p Pf 0	1;in 1 + ( 1)nC;(2)pp Pf 0	1;nn 1
+
2n 2X
i=n+1
( 1)n+iBjhi n+2;(2)p;i n+2 Pf 0	n;in 1 +
n 1X
i=2
( 1)n+i+1C;(2)p;i+1 Pf 0	n;in 1
+
2n 2X
i=n+1
( 1)nChi n+2;(2)i n+2;p Pf 0	n i+3;in 1 ;
(3.79)
to see that summing (3.77) and (3.78) in the case of h1 = h2 = h (x = y = 1) yields
 1p
2
X
1
 J0
1
(s2Ch11   c2Ch12)
@
@
Pf 0	(1;n+1)n

=0
  1p
2
X
1
 J0
1
(c2Ch22   c2Ch21)
@
@
Pf 0	(1;n+2)n

=0
=
 1p
2
(c2   s2)Chpp
4 c2 s2 P2
@
@ p
Pf 0	n 1 :
(3.80)
We refrain from writing out the easily obtainable expression for h1 6= h2.
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3.6.4 T4: -functions contribution
The relevant term isX
1
 J0
1
d
(1)
n 1
 
a  Chppp   b  2 ~"
hp
p;r  p
1
!
= d0n 1
a  (c2   s2)Chppp
4 c2 s2 P2
@
@ p
0n 1 ; (3.81)
which can be quickly seen by direct computation.
3.6.5 Full result
Combining everything yields the nal result for equal helicity collinear gluons
A(1)n =  
Z
d
(0)
n 1
 
Chpp
2 s2 c2 P2S(n; p; 3) +
c2   s2
2 c2 s2 P2 C
h;(2)
pp
!
Cn 1 Pf 0	n 1
  c
2   s2
2 c2 s2
Z
d
(0)
n 1
Chpp
P2 Cn 1
@
@p

Pf 0	n 1
0(0)
n 1

:
(3.82)
We can further proceed by using partial integration
A(1)n =  
Z
d
(0)
n 1
 
Chpp
2 s2 c2 P2S(n; p; 3) +
c2   s2
c2 s2 P2
 
Ch;(2)pp  
ChppP3
P2
!
  c
2   s2
2 c2 s2
Chpp
P2

Sn;p;3   2
p3
!
Cn 1 Pf 0	n 1
  c
2   s2
2 c2 s2
Z
d0n 2 dp
@
@p
 
Chpp
P2 Cn 1 Pf
0	n 1
0(0)
n 1
!
;
(3.83)
which may be rewritten as
A(1)n =  
Z
d
(0)
n 1
 
Chpp
P2

1
c2
1
np
+
1
s2
1
p3

+
c2   s2
c2 s2 P2
 
Ch;(2)pp  
ChppP3
P2
!!
Cn 1 Pf 0	n 1
  c
2   s2
2 c2 s2
Z
d0n 2 dp
@
@p
 
Chpp
P2 Cn 1 Pf
0	n 1
0(0)
n 1
!
:
(3.84)
The last term is a total derivative w.r.t p and can be dropped. Furthermore, we dene the
collinear gluon kernel by
Kgluoncoll ("hp ; fpig; fig) =  
 
Chpp
P2

1
c2
1
np
+
1
s2
1
p3

+
c2   s2
c2 s2 P2

Ch;(2)pp  
CppP3
P2
!
;
(3.85)
s.t. we can write the nal result compactly as
A(1)n =
Z
d
(0)
n 1Kgluoncoll ("hp ; fpig; fig) IYang-Millsn 1 : (3.86)
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The kernel Kgluoncoll ("hp ; fpig; fig) reects a factorization at the level of the CHY integrand.
Although (3.86) is a compact expression, no factorized structure seems to be achievable
at the level of the amplitude. The reason is mainly the appearance of P2 in the denominator.
We will shortly see and prove that it is impossible to obtain a factorization. But rst, let us
turn to the proof of universality.
3.7 Universality of the sub-leading collinear gluon limit
In this section we want to proof universality of our result (3.84). Note that our CHY approach
only allows for an analysis of universality in the presence of massless bi-adjoins scalars and
gravitons, since those are the only building blocks available. We will perform the proof in a
straightforward manner, i.e. we will replace the CHY building blocks such that gluons are
replaced by either scalars or gravitons. Then we will simply show that the collinear kernel
(3.85) does not change.
3.7.1 Gluons ! gravitons or scalars
We focus on the EYM integrand given in (2.119) with k gravitons and n   k gluons with
collinear gluons 1; 2 and particles 3; n being gluons s.t. the structure (3.41) is not changed.
The sub-leading order of the amplitude is computed via
A(1)n = 2
X
1
Z
d0n 2 dp
h

(0)
n 1C
(1)
n kJ0 Pf(0)	k Pf 0(0)	n| {z }
T1
+ 
(0)
n 1C
(0)
n kJ1 Pf(0)	k Pf 0(0)	n| {z }
T2
+
(0)
n 1C
(0)
n kJ0 Pf(0)	k Pf 0(1)	n| {z }
T3
+ 
(1)
n 1C
(0)
n kJ0 Pf(0)	k Pf 0(0)	n| {z }
T4
+
(0)
n 1C
(0)
n kJ0 Pf(1)	k Pf 0(0)	n| {z }
T5
i
:
(3.87)
We claim that this yields (3.84) for h1 = h2 = h with the replacements Cn 1 ! Cn k 1
and Pf 0	n 1 ! Pf 	k Pf 0	n 1. In order to prove this claim we only need to show that the
last term can be written in terms of a p derivative acting on the graviton Pfaan. This
is easy to see, since the only place that the graviton Pfaan has any  dependence are the
diagonal entries of the C matrix which is the last term in (3.75) but this time also including
Cn k+1;n k+1, i.e. the rst diagonal element in C. Repeating the same computation as in
the previous section for h1 = h2 = h, we see that
Pf(1)	k = (c
2   s2) 1
2
2kX
i=k+1
C
hn i+2;(2)
n i+2;p Pf 	
k i+2;i
k : (3.88)
We thus indeed get
 1p
2
X
1
 J0
1
Pf(0)	k Pf
0(0)	n =   1p
2
(c2   s2)Chpp
4 c2 s2 P2 Pf
0	n 1
@
@p
Pf 	k : (3.89)
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Hence T5 only contributes to the neglectable total derivative term in (3.84). The collinear
kernel (3.85) remains unchanged. Changing gluons into scalars also cannot have any eect
on the structure of (3.84) since the only thing that will happen is that the size of the matrix
	n will change into 	n k for k scalars and some parts of Cn will now be squared. But those
parts have no  dependence since particles 1; 2; 3; n are xed to be gluons. Therefore (3.84)
is true up to an adjustment of Cn 1 and Pf 0	n 1 ! Pf 0	n k 1. Thus we conclude that the
collinear kernel (3.85) is universal.
3.8 Two intriguing observations regarding factorization
As we have mentioned, our nal result (3.84) is CHY universal, i.e. in the presence of
gravitons and bi-adjoint scalars, but we were not able to nd any factorization property at
the level of the amplitude. We might ask whether this is the case because no factorization
exists or because we are merely unable. The following observations shall shed light into this
issue.
First, it is very interesting to remark that the nal expression (3.84) can be written as
A(1)n = "

p "

p A
(1)
n; ; (3.90)
i.e. if we compare this to our schematic analysis in the beginning of this chapter (3.4) we
can conclude that  
"p "

i+1 + "

i "

p

A(0)n; = 0 : (3.91)
A rather unexpected and unintuitive observation.
Second, we can ask for gauge invariance in the fused momentum p. Doing so in the
explicit expression (3.84) reveals
p  @
@ "hp
A(1)n =
c2   s2
c2 s2
AYMn 1(p; 3; :::; n) ; (3.92)
i.e. a gauge variation yields a lower point pure YM amplitude where the fused momentum
and polarization now belong to a gluon. The analytic reason for this relation follows from
the identities
p  @
@ "hp
Chpp = P1 = 0 ; p 
@
@ "hp
Ch;(2)pp = P2 ; p 
@
@ "hp
IYang-Millsn 1 = 0 ; (3.93)
where the rst equality holds on the support of the scattering equations. We may ask why a
gauge variation produces a lower point YM amplitude. The remarkable answer lies in ST-one
(2.103), i.e.
x
g2
X
2Sn 3
( 1)m s(n 2) pAYMn (1; (2); :::; (n  2); n  1; n) = AEYMn 1 (1; ::::; n  2; p) :
(3.94)
Taking the gauge variation of the above formula directly yields
c2   s2
c2 s2
X
2Sn 3
( 1)m s(n 2) pAYMn 1(1; (2); :::; (n  2); p) = 0 ; (3.95)
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due to the trivial gauge invariance of the EYM amplitude. As we have already seen, the
above sum is isomorphic to BCJ relations (2.106) if we plug in lower point amplitudes, which
is exactly the reason why the divergent part of the collinear limit does not contribute to ST-
one. Therefore we nd BCJ relations. A highly intriguing result. We conclude that the
gauge variation of (3.84) is lower point YM amplitude such that gauge invariance of the
EYM amplitude in ST-one is guaranteed.
3.9 Proving Stieberger-Taylor Identities
In this section we shall proof ST-one (2.103). We begin with a straightforward rewriting of
P2 (3.28) in terms of insertion operators (2.123), i.e.
P2 =
n 1X
a=1
p Xa S(a; p; a+ 1)

1
ap
  1
p a+1

; (3.96)
with region momentum Xa =
Pa
b=1 pb and. We can easily proof this statement
n 1X
a=1
p Xa S(a; p; a+ 1)

1
ap
  1
p a+1

=
n 1X
a=1
p Xa

1
ap
+
1
p a+1
 
1
ap
  1
p a+1

=
n 1X
a=1
p Xa
"
1
2ap
  1
2p a+1
#
=
n 1X
a=1
p Xa 1
2ap
 
nX
a=2
p Xa 1 1
2ap
=
nX
a=1
p  pa
2ap
= P2 ;
(3.97)
where we have used the denition of the insertion operator in the second equality and addi-
tionally momentum conservation and on-shell conditions.
Now consider the object
1
c2
1
ap
+
1
s2
1
p a+1

S(a; p; a+ 1) = F (a; p; a+ 1) : (3.98)
It is easy to see that
n 1X
a=1
p Xa [F (a; p; a+ 1)  F (a+ 1; p; a)] = s
2   c2
s2 c2
P2 : (3.99)
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Now let us turn to our nal result (3.84) while rewriting
Cn 1 =
1
p334   np
=
n3
p3np
1
3445   n3
= S(n; p; 3)Cn 2 ;
(3.100)
such that we have no p dependence left in the Parke-Taylor factor Cn 2. Using our new
notion of F (a; p; a+ 1) we can rewrite the sub-leading collinear result as
A(1)n =  
Z
d
(0)
n 1
 
Chpp
P2 F (n; p; 3) + S(n; p; 3)
!
Cn 2 Pf 0	n 1 ; (3.101)
where we have introduced the permutation invariant object
 =
c2   s2
c2 s2 P2
 
Ch;(2)pp  
ChppP3
P2
!
; (3.102)
for compactness. Now let us switch to a more advantageous notation. First, we want to
switch from the specied indices of the collinear gluon pair to a generic index pair, i.e.
p1jjp2 ! pAjjpB : (3.103)
Second, we want to position the adjacent collinear gluon pair at an arbitrary position in
the arguments of the amplitude. For that we consider a generic n-point YM amplitude
AYMn (1; :::; n) with canonical ordering. Then we insert the adjacent collinear pair somewhere
in between two indices a and a + 1 arriving at an (n + 2)-point YM amplitude. Finally,
we perform the collinear limit in the same fashion as before, arriving at the sub-leading
contribution of the amplitude
A
pAjjpB
n+2 (1; :::; a; A;B; a+ 1; :::; n) ; (3.104)
i.e.
A
(1)
n+2(1; :::; a; p; a+ 1; :::; n) = 
Z
d
(0)
n+1
 
Chpp
P2 F (a; p; a+ 1)
+ S(a; p; a+ 1)
!
Cn(1; :::; n) Pf
0	n+1;
(3.105)
where we now put emphasis on the position of the fused momentum p. All other denitions
and notations are unchanged. Now dene the mirrored version of A
(1)
n+2(1; :::; a; p; a+1; :::; n)
by A
(1)
n+2(n; :::; a + 1; p; a; :::; 1) where the sequence of arguments is reversed. Using this
notation, we can evaluate the linear combination
A
(1)
n+1(1; :::; a; p; a+ 1; :::; n)  ( 1)nA(1)n+1(n; :::; a+ 1; p; a; :::; 1)
=  
Z
d
(0)
n+1
 
Chpp
P2 [F (a; p; a+ 1)  F (a+ 1; p; a)]
+ 2S(a; p; a+ 1)
!
Cn(1; :::; n) Pf
0	n+1;
(3.106)
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which is easily obtained from the reectivity property of the Parke-Taylor factor (2.113) and
antisymmetry of the insertion operator S(a; p; a+ 1) =  S(a+ 1; p; a). From here it is very
easy to see that we can obtain an EYM amplitude from
n 1X
a=1
p Xa

A
(1)
n+1(1; :::; a; p; a+ 1; :::; n)  ( 1)nA(1)n+1(n; :::; a+ 1; p; a; :::; 1)

=   s
2   c2
s2 c2
Z
d
(0)
n+1C
h
pp Cn(1; :::; n) Pf
0	n+1
=
s2   c2
s2 c2
Z
d
(0)
n+1 Cn(1; :::; n) Pf(	p) Pf
0	n+1 =
s2   c2
s2 c2
AEYMn+1 (1; :::; n; p) ;
(3.107)
where we have used (3.99). All terms /  drop out since the above sum produces a scattering
equation
Pn 1
a=1 p Xa S(a; p; a+1) = P1 as a prefactor to  (2.129). In the last step we have
used the denition of an EYM amplitude in the CHY frame (2.119). We can now argue that
since EYM amplitudes are unique objects [88], the above sum must be identical to ST-one
(2.103) up to a possible multiplicative constant. This concludes the proof of ST-one.
3.10 Factorization Constraints
In this section we want to discuss a very peculiar observation. The analytic form of the
linear combination (3.107) is identical to a dierence of BCJ relations (2.19) which allows
for a replacement of the sub leading collinear limit contributions by full amplitudes, i.e.
n 1X
a=1
p Xa

A
(1)
n+1(1; :::; a; p; a+ 1; :::; n)  ( 1)nA(1)n+1(n; :::; a+ 1; p; a; :::; 1)

=
n 1X
a=1
(pA + pB) Xa
 
A
pAjjpB
n+1 (1; :::; a; pA; pB; a+ 1; :::; n)
  ( 1)nApAjjpBn+1 (n; :::; a+ 1; pA; pB; a; :::; 1)
!
;
(3.108)
since the leading order collinear limit factorizes into a lower point amplitude (2.84). This
formula can be understood as the KK-basis version of ST-one (2.103), i.e. the two indices
corresponding to the momenta p1 and pn are xed in their positions. Moreover we can
further add the interpretation as a deviation from BCJ relation. Furthermore, it strongly
constraints possible factorizations for A
(1)
n+1. To see this we can assume three possible forms
of universal factorization. First, it could be a factorization of the type
A
(1)
n+1(1; :::; a; p; a+ 1; :::; n) = Coll(pA; pB; c)An+1(1; :::; a; p; a+ 1; :::; n) ; (3.109)
i.e. factorization into a lower point amplitude and a hypothetical sub-leading collinear factor
Coll(pA; pB; c) which only depends on the collinear momenta and the momentum fractions.
Such a behavior would immediately produce a vanishing KK-basis version of ST-one (3.108)
since the prefactor can be factored out of the sum and BCJ relations hold for the lower point
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amplitudes. Note that the same argument is true for the second possibility of a factorization
into an amplitude and a prefactor which depends on all momenta. The third possibility is a
factorization of the form
A
(1)
n+1(1; :::; a; p; a+ 1; :::; n) = Coll(pA; pB; c; pa; pa+1)An+1(1; :::; a; p; a+ 1; :::; n) ; (3.110)
where the prefactor now carries information on the particles adjacent to the collinear legs.
If we assume that
Coll(pA; pB; c; pa; pa+1) =  Coll(pA; pB; c; pa+1; pa) ; (3.111)
we would have a vanishing dierence
A
(1)
n+1(1; :::; a; p; a+ 1; :::; n)  ( 1)nA(1)n+1(n; :::; a+ 1; p; a; :::; 1)
= Coll(pA; pB; c; pa; pa+1)An+1(1; :::; a; p; a+ 1; :::; n)
  ( 1)nColl(pA; pB; c; pa+1; pa)An+1(n; :::; a+ 1; p; a; :::; 1)
= (Coll(pA; pB; c; pa; pa+1) + Coll(pA; pB; c; pa+1; pa)) An+1(1; :::; a; p; a+ 1; :::; n) = 0:
(3.112)
We see that all three types of factorization are inconsistent with the existence of ST-one
and thus the existence of EYM amplitudes with one graviton, a mysterious and remarkable
observation. However, this does not exclude all types of factorization. In fact, we can combine
the above statements together with (3.92) to identify constraints posed on a possible sub-
leading collinear theorem. A possible factorization has to be of the form
A
(1)
n+1(1; :::; a; p; a+ 1; :::; n) = Coll(pA; pB; c; fpsubg)An+1(1; :::; a; p; a+ 1; :::; n) ; (3.113)
where fpsubg denotes particle information of a subset of all particles in the scattering. From
(3.92) we must have
p  @
@ "p
Coll(pA; pB; c; fpag) = c
2   s2
c2 s2
: (3.114)
From (3.107) we further learn that
n 1X
a=1
p Xa
 
A
(1)
n+1(1; :::; a; p; a+ 1; :::; n)  ( 1)nA(1)n+1(n; :::; a+ 1; p; a; :::; 1)
!
=
n 1X
a=1
p Xa
 
Coll(pA; pB; c; fpsubg)An+1(1; :::; a; p; a+ 1; :::; n)
  ( 1)nColl(pA; pB; c; f~psubg)An+1(n; :::; a+ 1; p; a; :::; 1)
!
=
n 1X
a=1
p Xa
 
Coll(pA; pB; c; fpsubg) + Coll(pA; pB; c; f~psubg)
!
An+1(1; :::; a; p; a+ 1; :::; n)
=
c2   s2
c2 s2
AEYMn+1 (1; :::; n; p) =
c2   s2
c2 s2
n 1X
a=1
"p XaAYMn+1(1; :::a; p; a+ 1; n) ;
(3.115)
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where we used ST-three (2.108) in the last equality and assumed a dierent subset of mo-
menta f~psubg for the amplitude with reversed arguments. Thus we can read o the second
constraint
pXa
 
Coll(pA; pB; c; fpsubg) + Coll(pA; pB; c; f~psubg)
!
=
c2   s2
c2 s2
"p Xa : (3.116)
It remains to see whether those constraints can be solved consistently. A sub-leading collinear
theorem cannot be ruled out at this point.
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Chapter 4
Universality of Stieberger-Taylor
Identities
This chapter is based on the published paper "New relations for graviton-matter amplitudes"
[111], written in collaboration with Prof. Jan Plefka.
In this chapter we want to ask whether ST-three (2.108) is universal. In particular, we
want to obtain an equivalent formula for scattering amplitudes involving gluons, massive
fundamental quarks and massive fundamental scalars. We have studied such amplitudes in
section 2.2. Thus the relevant question of this chapter can be formulated as an equation
AEsQCD(1; 2; : : : ; n; p)
?
=

2g
nX
i=2
("p Xi)AsQCD(1; 2; : : : ; i; p; i+ 1; : : :) ; (4.1)
where the amplitudes are now in the MJO basis and Xi =
Pi
a=2.
There are two main motivations for our analysis. The rst one is connected to the recently
growing interest in EYM amplitudes at tree [45{47] and loop level [42, 51]. In the latter
case it is necessary to compute EsQCD tree level amplitudes while using unitarity methods
for loop level diagrams. A decomposition into sQCD amplitudes clearly would simplify
the intermediate steps due to a general complexity of computations involving gravitons.
The second motivation concerns the general understanding of the origin of the double copy
construction, e.g. relations like ST-three imply that gravitons are naturally present in YM
theory. If the claim of this chapter is true it would extend our understanding by further tying
the presence of gravitons to the presence of gluons in scattering processes. This would directly
imply that the double copy principle extends beyond the realm of massless amplitudes.
Furthermore, it is unclear whether ST-three and the double copy share equivalent principles,
i.e. no color-to-kinematics replacement rule is necessary for ST-three. Thus, another goal of
this chapter is to nd a novel way to understand ST-three from a color-kinematics duality
point of view.
In this chapter we will prove universality of ST-three by rst giving an rst principle
argument, for the universality of ST-three, based on graviton and gluon soft limits (2.79),
(2.82) and gauge invariance. Next, we will gather evidence from a massive extensions of the
CHY formula, presented in [112, 113]. After that we will proof a direct mapping of Feynman
graphs with gluons to Feynman graphs where a gluon is replaced by a graviton, using a
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novel double copy prescription for single color generators. Finally, we will use the MJO
color decomposition of sQCD amplitudes (2.38) to directly proof universality for ST-three
by comparing it to the MJO decomposition for EsQCD amplitudes while using our novel
color-to-kinematics replacement rule.
4.1 Arguments for Universality
Let us investigate ST-three (2.108) from a rst principle point of view. As we have explained
in sec. 2.5 an amplitude involving gravitons and gluons is entirely xed from locality and
either the correct single soft behavior or gauge invariance for each particle [88]. We may
guess the local ansatz
AEYMn;1 (1; :::; n; p) =
nX
i=2
iA
YM
n+1(1; 2; :::; i; p; i+ 1; :::; n) ; (4.2)
where the graviton is given momentum p and polarization tensor "p = "

p "p . All other
particles are gluons and the coecients i have unit mass dimension and must be functions
of "p in order to ensure bilinearity in the graviton polarization. Note that we have set any
proportionality constant to 1 for convenience and identied the indices n + 1 = 1. Now we
may turn the logic of [88] around and ask whether such an ansatz can be solved for the i
using rst principles. If the answer is yes, the equality is denitely correct. The obvious
challenge is that the particle with momentum p is a graviton on the left hand side and a
gluon on the right hand side.
Let us implement the single soft limit for particle p on both sides. On the left hand side
we will have (2.82)
lim
p!0
AEYMn;1 (1; :::; n; p) =
nX
i=1
("p  pi)2
p  pi A
YM
n (1; ::; n) ; (4.3)
while on the right hand side we have (2.79)
lim
p!0
nX
i=2
iA
YM
n+1(1; 2; :::; i; p; i+ 1; :::; n)
=
nX
i=2
i

"p  pi
p  pi  
"p  pi+1
p  pi+1

AYMn (1; 2; ::; i; i+ 1; :::; n) :
(4.4)
Our ansatz (4.2) then produces the constraint
nX
i=1
("p  pi)2
p  pi  
nX
i=2
i

"p  pi
p  pi  
"p  pi+1
p  pi+1

= 0 : (4.5)
We can solve this ansatz for the i by collecting terms for every pole
"ppi
ppi for every i. This
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results in a system of linear equations
i = 1 : "p  p1 + n = 0 ;
i = 2 : "p  p2   2 = 0 ;
i = 3 : "p  p3   3 + 2 = 0 ;
...
i = k : "p  pk   k + k 1 = 0 ;
...
i = n : "p  pn   n + n 1 = 0 :
(4.6)
The unique solution is given by
i = "p 
 
iX
a=2
pa
!
= "p Xi ; (4.7)
where we again use the notion of a region momentum Xi. Note that this solution is only
valid on the support of momentum conservation and on-shell conditions. Plugging it back
into (4.2) we arrive at
AEYMn;1 (1; :::; n; p) =
nX
i=2
"p XiAYMn+1(1; :::; i; p; i+ 1; :::; n) ; (4.8)
which is identical to ST-three (2.108). From the point of view of our derivation we still have
to check that both sides have the correct soft behavior in the rest of the particles. It is
instructive to see the correct behavior for a low point example which trivially generalizes to
arbitrary points. Consider the leading part of the gluon soft limit p2 ! 0 for a six particle
scattering. On the left hand side of (4.8) we get the universal behavior
"2  p1
p2  p1  
"2  p3
p2  p3

AEYM(1; 3; 4; 5; p) ; (4.9)
and on the right hand side we take the limit of
"p  (p2 + p3) AYM(1; 2; 3; p; 4; 5)
+ "p  (p2 + p3 + p4) AYM(1; 2; 3; 4; p; 5) + "p  (p2 + p3 + p4 + p5) AYM(1; 2; 3; 4; 5; p) ;
(4.10)
which is
"2  p1
p2  p1  
"2  p3
p2  p3

"p  p3AYM(1; 3; p; 4; 5) + "p  (p3 + p4)AYM(1; 3; 4; p; 5)
+ "p  (p3 + p4 + p5)AYM(1; 3; 4; 5; p)

=

"2  p1
p2  p1  
"2  p3
p2  p3

AEYM(1; 3; 4; 5; p);
(4.11)
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thus yielding the correct soft behavior in gluon 2. Obviously this generalizes to any gluon
index and any multiplicity. We therefore conclude that (4.8) has the correct soft behavior
in all particles. Gauge invariance is also trivially realized for all gluons due to the choice
of expanding the EYM amplitude in terms of YM amplitudes. Only for the graviton we
encounter a non-triviality. The graviton is bilinear in its polarization. On the left hand
side of (4.8) gauge invariance is trivially manifest. On the right hand side one half of the
polarization is encoded in a YM amplitude and the other half in the prefactor of the YM
amplitudes. Shifting the polarization in the YM amplitudes is trivially gauge invariant. A
shift in the prefactor on the other hand enforces the condition
0 =
nX
i=2
p XiAYMn+1(1; :::; i; p; i+ 1; :::; n) ; (4.12)
which are exactly the fundamental BCJ relations (2.19). This result allows for a remarkable
interpretation of BCJ relations. They can be viewed as a necessary condition for EYM
amplitudes to be gauge invariant.
We see that the leading soft limit and gauge invariance is manifest for each particle in (4.8)
thus uniquely xing the EYM amplitude through a linear combination of YM amplitudes
according to [88]. It is crucial to note that the only ingredients used are single gluon/graviton
soft limits and BCJ relations. This allows us to make the following intuitive guess. Since
leading soft limits are universal and we also noted that BCJ relations are universal (2.47),
we can assume that ST-three has to be universal aswell. Of course, our previous derivation is
based on the proven fact that EYM amplitudes are uniquely xed by rst principles, which
is not proven, and most likely not true, for EsQCD amplitudes. Still, it serves as a guiding
principle and yields enough indication and motivation to pursue a deeper technical analysis.
4.2 Evidence for Universality
In this section we shall turn to the rst technical evidence that ST-three is universal based
on the CHY formula. We rst start by giving the most elegant proof of ST-three (2.108)
based on the CHY formula for EYM amplitudes (2.119). A color ordered amplitude for an
EYM amplitude with one graviton reads
AEYM(1; :::; n; p) =
Z
CP1
dn;p C(1; :::; n) Pf 	p Pf
0	n;p ; (4.13)
where in our notation we separate the gluon and graviton indices by a comma in the CHY
building blocks. The matrix 	p is given by
0  Cpp
Cpp 0

; (4.14)
with the Pfaan (3.47)
Pf 	p =  Cpp =
nX
a=1
2 "p  pa
pa
: (4.15)
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We rewrite Cpp using insertion operators (2.121) as
Cpp =  2
nX
a=2
"p Xa S(a; p; a+ 1) ; (4.16)
which can easily be proven using on-shell conditions and momentum conservation similar to
(2.130). Using (2.123) we immediately arrive at ST-threeX

"p XpAYM(1; 2; f3; :::; ng fpg) = AEYM(1; :::; n; p) ; (4.17)
where we ignore any proportionality constant for convenience.
Recently, massive extensions of the CHY formula have been studied by S.G. Naculich
[112, 113]. In his works it is shown that it is possible to include up to three massive particles,
with spin s  1, into the CHY formula without any change to its analytic structure. This
result immediately proves ST-three in the presence of up to three massive particles as shown
above. Of course this is not a prove of generic universality but we may wonder whether
there is anything special about three massive particles. In Naculich's work, one may only
include three massive particles in the CHY formula due to modular gauge xing which allows
three punctures to be given xed numeric values. This results in an elimination of the mass
properties of three particles from nal results. But from and amplitudes point of view no
conformal symmetry needs to be xed and thus there is no reason that ST-three shall only
work with up to three massive particles (or at all). This is very compelling evidence for a
generic universality of ST-three.
4.3 Proving Universality
Now that we have gathered a convincing amount of arguments and evidence that ST-three
is universal, we aim to prove it.
4.3.1 Strategy
We will apply the following strategy.
As a rst step we will compute two full amplitudes. The rst one will involve n particles
from sQCD theory with at least one external gluon which we will treat distinctively, i.e.
giving it momentum p and polarization "p. The other amplitude will involve the exact same
particle content except that the distinct gluon is replaced by a graviton with momentum p
and polarization tensor "p "p.
The second step is to compare both amplitudes while trying to identify a simple color-
to-kinematics replacement rule which maps the sQCD amplitude into the EsQCD one.
Step three is then to use the MJO decompositions (2.38),(2.77) for both amplitudes in
which we apply the, newly found, replacement rule such that we can identify a universal
version of ST-three.
The obvious challenge regarding this strategy is the computation of both amplitudes.
One way to make out lives easier is to perform a combinatoric trick regarding the sum of
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all Feynman graphs. If we want to compute an n point amplitude with one external gluon
through the sum of all Feynman graphs, we can obtain the same result by summing all
possible insertions of an on-shell gluon to every Feynman graph in the n 1 point amplitude
without the gluon 1. This is obviously true and also valid if we replace the gluon by a graviton.
Since all possible insertions are dictated by Feynman rules involving gluons/gravitons, we
only need to understand how the Feynman rules of sQCD and EsQCD behave if we take one
gluon/graviton on-shell.
Note that we are aiming at a relation at order O() which implies that we do not consider
any graphs involving internal gravitons.
4.3.2 Feynman Rules with one External on-shell Gluon/Graviton
We have already established all Feynman rules in sQCD and EsQCD up to one external
graviton in sec. 2.4. We construct on-shell Feynman rules by contracting one external
graviton or gluon with its polarization tensor/vector and using the conditions "p p = "2p = 0.
Graphically we denote the on-shell leg with a triangle. We begin our analysis with on-shell
graviton insertions.
The rst on-shell Feynman rule is the two-gluon-one-graviton-vertex. It can represent an
insertion of a graviton to an external or a propagating gluon in any Feynman diagram. The
expression is given by
a
b
= ig ab

1
2
(p2a + p
2
b)"
a
p "
b
p + ("p  pa)(Mab +Wab)

; (4.18)
where we dened
M = ("p  pa) ab + "ap pb   "bp pa
W = "ap p
b
b   "bp paa ;
(4.19)
and used the on-shell property of the graviton
pa  pb = 1
2
 
(pa + pb)
2   p2a   p2b

; (4.20)
where the rst term in the bracket is p2 = 0 by momentum conservation. Notationally we
decompose this expression diagrammatically through new Feynman rules
1This approach is sometime referred to in the literature [72] as the radiation vertex expansion.
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a
b
=

a
b
+

a
b
+
a
b
+
a
b
;
(4.21)
And identify

a
b
=
ig
2
p2a"
a
p "
b
p 
ab ; (4.22)

a
b
=
ig
2
p2b"
a
p "
b
p 
ab ; (4.23)
a
b
= ig ("p  pa)Mab ab ;
(4.24)
a
b
= ig ("p  pa)Wab ab :
(4.25)
The dot on top of a gluon line denotes the appearance of the inverse massless propagator, p2a
or p2b , attached to the corresponding leg. Note that in any tree level computation of a scat-
tering amplitude the term Wab(pa; pb) will vanish due to on-shell Ward identities (2.27), a
similar observation has been presented in [72]. The graph with the big white bubble in the
middle (4.24) is our rst eective Feynman rule which will play an important role shortly.
Next, we study the insertion of a graviton directly into the YM vertices, producing
a three-gluon-one-graviton-vertex or a four-gluon-one-graviton vertex. In both cases a re-
markable decomposition can be found involving the boxed Feynman rules (4.22), (4.23). In
particular, the expressions reads
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c
a
b
=
c
a
b
  c
a
b
  b
c
a
  a
b
c
;
(4.26)
a
c
d
b
=   c
d
b
a
  d
b
a
c
  b
a
c
d
  a
d
b
c
;
(4.27)
with the identication of our second eective Feynman rule
c
a
b
=
g
2
fabc
h
ab"cp ("p  (pb   pa)) + ac"bp ("p  (pa   pc))
+ bc"ap ("p  (pc   pb))
i
:
(4.28)
Clearly, we found a very powerful decomposition since in the sum of all Feynman graphs
we will add all graviton insertions into vertices to graviton insertions into the external legs of
the vertices. This results in a massive cancellation of all boxed Feynman rules in all graphs.
An immediate, beautiful, result is that a graviton insertion into the four gluon vertex will
completely cancel with graviton insertions to all legs of the same vertex and similarly only
the eective Feynman rules (4.28), (4.24) contribute to any amplitude calculation in pure
YM.
We now turn to graviton insertions into massive fundamental matter, i.e. Feynman rules
including either quarks or scalars. We begin with insertions into propagators/external legs
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i
j
=   i
2
="p ("p  pi)j
i ; (4.29)
i
j
= i ("p  pi) ("p  pj) ji ;
(4.30)
followed by vertex insertions. They are again subject to a decomposition into eective and
boxed Feynman rules which cancel with external gluon leg corrections.
i
a
j
=   a
i
j
; (4.31)
i
a
j
=
i
a
j
  a
i
j
; (4.32)
a
b
a
i
=   a
b
j
i
  b
j
i
a
; (4.33)
where we encounter another eective Feynman rule
i
a
j
=   ig
2
"ap ("p  (pi   pj)) (T a)ji : (4.34)
Having established the form of all graviton insertions into an arbitrary tree level amplitude,
we may summarize our ndings in a remarkable rule.
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Rule 1: A tree level amplitude with one external graviton and an arbitrary number of
gluons and massive fundamental matter (scalars and quarks) is computed from the sole use
of eective Feynman rules (4.28), (4.34), (4.24) and quarks/scalar line corrections (4.29),
(4.30). Therefore, the number of graviton insertions into a given sQCD tree level amplitude
is equivalent to the number of gluon insertion into the same amplitude.
We now turn to the insertion of an on-shell gluon to a given sum of Feynman diagrams. A
gluon can be added to a quark, scalar and gluon propagator turning them into three-vertices.
We start with the insertion into a quark or scalar propagator. We have
p
i
j
= ig ="p (T
p)ji (4.35)
p
i
j
= 2ig ("p  pi) (T p)ji
(4.36)
where we used momentum conservation in the two-scalar-one-gluon Feynman rule pj =
 pi   pa.
At this point it is worthwhile to take a close look at a remarkably simple color-to-
kinematics replacement rule, i.e. we can obtain the equivalent vertices but with an external
graviton instead of the gluon (4.30), (4.29) via the prescription
(T p)ji !

2g
("p pj) 
ji ; (T p)ji !  

2g
("p pi) 
ji ; (4.37)
where j
i is the Kronecker delta in color space. More specically, we replace the fundamental
SU(N) generator, associated to the gluon color and carrying fundamental/anti-fundamental
indices belonging to the quark/scalar colors, with the product of the gluon polarization vector
times the momentum associated with the leg that carries either the fundamental (plus sign)
or anti-fundamental (minus sign) color of the quark/scalar. Note that both replacement rules
are equal on the support of momentum conservation and on-shell conditions.
Further investigation reveals a similar structure if the gluon is inserted into a gluon prop-
agator. We straightforwardly compute
p
a
b
= 2gfabp

Mab +
1
2
Wab

; (4.38)
where we use the same notation as in (4.19). Ignoring the Ward identity term, we can
generate the eective vertex with one external graviton (4.24) through
fapb = i(T p)ab !  i 
2g
("p pa) 
ab : (4.39)
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Note the dierence in sequence of the color indices between the Feynman rule and the
replacement rule. We observe that the prescription of the fundamental color factors diers
to the adjoint factors by a minus sign. Nevertheless, we can dene adjoint color factors
~fabc = ifabc ; (4.40)
which will have the exact same behavior in the color to kinematics prescription. Higher
multiplicity vertices can also be generated by this prescription. We start with the case
a
i
p
j
= ig2"ap ((T
a)jk(T
p)ki + (T
p)jk(T
a)ki) (4.41)
Sending
(T p)ki !=  

2g
("p  pi) ki ; (T p)jk ! 
2g
("p  pj) jk ; (4.42)
we can see that we land exactly on (4.34). The four gluon vertex is more involved. The
expression reads
p
c
a
b
=  ig2
h
"cp 
ba(f cbefpae   f caef bpe)  ca "bp (f cbefpae + f cpef bae)
+ cb "ap (f
cpef bae + f caef bpe)
i
:
(4.43)
Let us focus on the rst color structure
f cbefpae   f caef bpe =  (f cbefape + f caef bpe) =  i(f cbe (T p)ae + f cae(T p)be)
! i 
2g

f cbe ("p  pa) ae + f cae("p  pb)

be = i

2g

f cba ("p  pa) + f cab("p  pb)

= i

2g
fabc ("p  (pb   pa)) :
(4.44)
Hence
 ig2
h
"cp 
ba(f cbefpae   f caef bpe)
i
! g
2
"cp 
ba fabc ("p  (pb   pa)) ; (4.45)
which is exactly the rst term in (4.28). The other two terms can be seen to map correctly
in the exact same way.
We may again summarize the above observations into a second rule.
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Rule 2: The on-shell Feynman rules need for the computation of a tree level amplitude
with gluons, fundamental matter (quarks/scalars) and one external graviton (4.28), (4.34),
(4.30), (4.29), and therefore full diagrams including such vertices, can be obtained through
the color-to-kinematics replacement rule
Rp := f(T p)ji !

2 g
("p  kj) ji ; ~fapb !

2g
("p  ka) abg ; (4.46)
from the same Feynman rules where the on-shell graviton is replaced by an on-shell gluon.
We end this section by, straightforwardly, combining both rules 4.3.2, 4.3.2 into the
corollary
Atreen;k;1 = Atreen+1;k;0

Rp
; (4.47)
where we have k fundamental/anti-fundamental pairs, n   2k gluons and one graviton on
the left hand side. This gravitons is an \upgraded" gluon on the right hand side. This
is the desired color-to-kinematics replacement rule which we wanted to achieve such that
ST-three originates from a color-to-kinematics replacement rule similar to the double copy
prescription.
4.3.3 Proof
We are now ready to prove universality of ST-three (2.108). As we have already mentioned,
we will do this by writing
Atreen;k;1 = Atreen+1;k;0

Rp
; (4.48)
in its MJO-color basis and read o the result. The expressions read
Atreen;k;1 =
(n;k)X
2MJO basis
C(1; 2; )AEsQCD(1; 2; ) ; (4.49)
Atreen+1;k;0 =
(n+1;k)X
2MJO basis
C(1; 2; )AsQCD(1; 2; )

Rp
; (4.50)
The color factor of the Atreen+1;k;0 can be easily rewritten such that the decomposition reads
Atreen+1;k;0 =
(n;k)X
2MJO basis
X

C(1; 2; fg fpg)

Rp
AsQCD(1; 2; fg fpg)
=
(n;k)X
2MJO basis
jjX
i=0
C(1; 2; :::; i; p; i+1; :::)

Rp
AsQCD(1; 2; :::; i; p; i+1; :::) ;
(4.51)
where we identify 0 = 2 and jj+1 = 0. The above expression reveals that (4.1) is proven
once we prove
C(1; 2; :::; i; p; i+1; :::)

Rp
=

2g
("p  k2)C(1; 2; :::; i; i+1; :::) (4.52)
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where k2i := k2 + k1 + : : : ki .
We start with a prove for i = 0. From (2.42) we have
C(1; 2; p; ) = f2j T ap 
j1g : : : = ( )
+1f1j
T ap j2g : : : (4.53)
where 
 is determined by the Dyck word of . With Tap j2gjRap !  j2g 2g ("p  k2) we easily
nd (4.52). We proceed with the non-trivial proofs. Three cases have to be considered
separately.
Case i is a gluon: In this case we proceed inductively. We dene i = c and use the
short-hand notation
C(1; 2; 1 : : : i; p; b+1 : : : n 1) =: C:::jcpj::: ;
while we also assume that (4.52) is true for C:::jpcj:::. We now zoom in into the analytic
structure of C:::jcpj::: at the position of p. We write this as
C:::jcpj::: = : : :cl 
p
l : : : : (4.54)
Note that the two gluons are next to each other and thus have the same level of nestedness.
We now can compute the commutator
C:::jcpj:::   C:::jpcj::: = : : : [cl ;pl ] : : : = : : : ~f cpddl : : : ; (4.55)
where we have used the Lie-algebra structure of  (2.44). At this point it is easy to see that
C:::jcpj:::   C:::jpcj:::

Rap
=

2g
("p  kc)C:::jcj::: : (4.56)
Thus, the induction step is performed due to our assumption that
Cjpcj:::jRap = ("p  k2)Cjcj::: ; (4.57)
with  = f1 : : : ig.
Case i is a fundamental: Again, we proceed inductively. We zoom in at the position
of p
C:::jcpj::: =    jcgpl    ;
C:::jpcj::: =   pl+1jcg    =   T pjcg   +    jcgpl    :
(4.58)
The commutator is then given by
C:::jcpj:::   C:::jpcj::: =     T pjcg    ; (4.59)
and we immediately obtain 
C:::jcpj:::   C:::jpcj:::

Rp = ("p  kc)C:::jcj::: : (4.60)
This concludes the induction step.
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Case i is an anti-fundamental: We zoom in on the position of p
C:::jcpj::: =    fcjT c 
 cl 1 pl    =    fcj (T c T p) 
 cl 1   +    fcj (T c 
 (cl 1 pl 1)    ;
(4.61)
where we used the denition (2.43). Similarly we get
C:::jpcj::: =   pl 1 fcjT c 
 cl 1    =    fcj (T c 
 (pl 1 cl 1)    : (4.62)
Now computing the commutator will give
C:::jcpj:::   C:::jpcj::: =    fcj (T c T p) 
 cl 1   +    fcjT c 

 
cl 1 ; 
p
l 1

)   
=    fcj (T p T c) 
 cl 1    +    fcj ([T c ; T p]) 
 cl 1   +    fcjT c 

 
cl 1 ; 
p
l 1

)   
=    fcj (T p T c) 
 cl 1    +    ~f cpkfcj

T k


 cl 1   +    ~f cpkfcj (T c) 
 kl 1   
=    fcj (T p T c) 
 cl 1    ;
(4.63)
immediately implying  
C:::jcpj:::   C:::jpcj:::

Rp = ("p  kc)C:::jcj::: : (4.64)
This again completes the induction step.
We therefore conclude the proof of (4.52) and thus we complete the proof of (4.1) relating
single graviton E)QCD amplitudes to sQCD ones through a universal version of ST-three.
4.4 Singe particle color-kinematics duality
One crucial ingredient in the double copy procedure is the existence of color dual numerators,
i.e. kinematics which satisfy Lie-algebra Jacobi relations (2.100). We can check whether our
replacement rule (4.46) also satises Lie-algebra relations. Indeed, we can easily obtain the
relation
([cl ;
p
l ])ij

Rap
=

2g
("p  kc) (cl )ij ; (4.65)
from the use of our replacement rule in (2.44). Thus we conclude, that we have found a single
particle form of color-kinematics duality which tightens our replacement rule to double copy
principles.
Chapter 5
Double Copy between Classical
Eective Actions
This chapter is based on the published paper "Eective action of dilaton gravity as the
classical double copy of Yang-Mills theory" [114], written in collaboration with Prof. Jan
Plefka and Dr. Jan Steinho.
In this chapter we aim at an extension of a curios set of recent observations regarding
applications of the double copy 2.6 outside the context of scattering amplitudes.
Recently, the double copy has been observed in classical systems, i.e. non-abelian classical
worldlines are related to gravitating worldlines through a novel double copy prescription [31{
33, 115]. In particular, classical, perturbative solutions to the equations of motion of gluon
radiation is mapped to solutions of graviton radiation. Such classical systems may be seen as
a black hole binary, which makes such a double copy potentially relevant for the prediction of
gravitational wave signals from such systems. Another direction of the classical double copy
was considered in [116]. There the double copy is performed for amplitudes with external,
massive fundamental scalars interacting in YM, on the gauge theory side, and in dilaton-
gravity, on the gravity side. Afterwards the classical limit of the resulting gravity amplitude
is taken, reproducing the results obtained from the classical double copy.
Here, we want to take a dierent approach. We aim at a double copy between classical
eective actions of two classical worldlines interacting in gauge theory and gravity. In con-
trast to the direction of double copies between solutions to equation of motion, which start
and end at a classical level, we are ascending from a QFT context into the classical regime
similar to [116]. Our motivation is mainly rooted in the goal of getting further insides into
the inner workings of the double copy, i.e. discovering its limits.
A classical limit separates the non-quantum from the quantum by the presence (or ab-
sence) of Planck's constant ~. Therefore, it will be advantageous to reintroduce ~ in all
quantities, i.e. going back from natural units to SI units. Furthermore, we will work exclu-
sively in position space due to convenience and curiosity, since QFT calculations are usually
performed in momentum space and it would be nice to observe a double copy in position
space.
This chapter is organized as follows. In the rst section we will construct two systems
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which we want to map through the double copy. In both systems we will have two classical
spinless massive worldlines which will be color charged and interacting in YM on the gauge
theory side and charged under a dilaton force while interacting through dilaton-gravity on
the gravity side. In the second section we will compute the associated eective actions.
Finally, in the third section, we will propose a double copy prescription whose validity we
are going to proof.
5.1 Setting the stage
Our goal is to observe a double copy structure between the classical eective actions of
two systems consisting of two spinless, classical worldlines of point particles which interact
through YM, on the one hand, and dilaton-gravity, on the other hand. In this section we are
going to construct both systems and give their corresponding full quantum actions. We start
with the dilaton-gravity case. Note that we do not need an axion eld in our computation.
A coupling of a worldline to an axion is connected to non vanishing spin.
5.1.1 Worldlines interacting through dilaton-gravity
The action of dilaton-gravity (dg) is dened as1
Sdg = SEH + SDilaton (5.1)
=   2
2
Z
d4x
p g [R  2@@] + (GHY boundary term) (5.2)
=   2
2
Z
d4x
p g
h
g

  

     

  2@@
i
; (5.3)
where  is the dilaton, a real scalar eld. We used the, already introduced, notion and
strategy of section 2.3. Note that the axion is omitted in all calculations. This is due to
the spinless nature of our choice of worldlines and that axions can only appear as quantum
correction, at the order we are interested in, which are not contributing to the classical limit.
A worldline action for a massive point particle (pm) with dilaton charge reads
~Spm =  
Z
dLpm =  m
Z
d e
p
guu ; (5.4)
where we have dened the particle's velocity u = _x and , g take values on the worldline
x(). Moreover, the action enjoys a reparametrization symmetry in the worldline parameter
 . At this point we would like to make our lives easier by removing the square root. One
way to do so is to switch to canonical variables, i.e. we dene new canonical momenta
p =
@Lpm
@u
= m
e up
guu
; ) m2 = e 2 p2; (5.5)
compute the \canonical", Hcan, and \Dirac" Hamiltonian, HD,
Hcan = pu
   Lpm = 0 ;
HD = Hcan + 

e 2 p2  m2

;
(5.6)
1Implicitly adding the GHY boundary term for mathematical consistency.
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where we have introduced a Lagrange multiplier () (note that ()d is reparametrization
invariant) . Finally, we obtain the new, so called \rst order formalism", action
Spm =  
Z
d (pu
  HD) (5.7)
=  
Z
d

pu
   
h
e 2gpp  m2
i
: (5.8)
Thus the full system of two worldlines interacting in classical dilaton-gravity (cdg) is given
by
Scdg = Sdg + Sgf + Spm + ~Spm; (5.9)
where we add a gauge xing part Sgf which will be specied below. The two independent
worldlines are kept notationally distinct by placing a tilde atop all variables of one worldline.
Now we introduce gravitons through the graviton expansion (2.53). As expected, we arrive at
a huge, rather unpractical, analytic expression. Luckily, as was shown in [117], it is possible
to perform simple eld redenitions and appropriate gauge xings such that a remarkable
simplication takes place. In our case, we also choose to add various total derivative terms.
Our goal is transform the resulting expressions such that we can nd as much YM structure
as possible in the Feynman rules. We begin by choosing the gauge xing term up to O(2)
Sgf =
1
2
Z
d4x
p gff; (5.10)
f =   g
 +
2
2
h
  1
4
(@ h
)h   
1
4
(@ h)h + (@
 h)h
+
3
16
(@ h)h

  
3
8
(@ h)h

  
3
8
(@ h)h


i
;
(5.11)
where the rst term is understood to be graviton expanded (2.53), i.e. it is De-Donder gauge
at leading order. Next, we perform the eld redenitions
h ! h   

1
2
h + 2

(5.12)
+ 

  1
2
h h

 +
1
8
 h

 h

 +
1
2
h h

   2h + 22  + h h

;
 ! + 1
4
h : (5.13)
Finally, we add the total derivatives
0 = STD =
Z
d4x
h
@( (@ h
)h)  @ (h (@ h))
+ 
 1
4
@(h
(@ h
)h)  1
4
@ ((@ h
)h h
)
  1
4
@ (h
 (@ h)h
) +
1
4
@ (h

 h
 (@ h

 ))
i
:
(5.14)
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Doing so, we end up with the following simplications. First, the dilaton decouples from
the worldline of the massive point particle up to O(2)
Spm =  
Z
d

pu
   

   h + 
2
2
hh


pp  m2

+O(3): (5.15)
Second, the three graviton interaction term takes a very elegant form pointing directly at a
double copy structure, i.e. the full resulting action up to O() reads
Sdg + Sgf + STD (5.16)
=
Z
d4x

1
2
@h@
h +

4

h @
 @ h h
 + 2h @
 h @
 h (5.17)
  h @ h @ h   h @ h @ h   @ @ h h h

+O(2; )
=
Z
d4x

1
2
@h@
h +

4  3!V

123 V

123 h1h2h3

+O(2; ) ; (5.18)
where V 123 is given by
V 123123 = 
12 (@31   @32 ) + cyclic ; (5.19)
i.e. it is the dynamical part of the YM three gluon vertex in position space. The indices
1, 2, 3, on h highlight the action of the partial derivatives in V
123
123 . Note that we are
neglecting all terms O(2; ) as they cannot contribute to the classical eective action.
Now we turn to the Feynman rules. Graphically, we will denote the worldlines as solid
lines and gravitons as double-wiggly lines. The propagator is given by
hh(x)h(y)i0 =   ~
i
() D(x  y) ; (5.20)
where we have dened D(x  y) such that it satises
2D(x  y) =  (x  y) ; (5.21)
and the standard symmetrization prescription applies
() =
1
2
(  +  ) : (5.22)
The vertices read
 =   i
~
() p() p(); (5.23)


 =
i
~
2 () p(() )( p)(); (5.24)
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33
11
22
=
i
~

4
V 123123 V
123
123
3Y
i=1
Iii
ii ; (5.25)
with the tensor I =
1
2(
 + ).
5.1.2 Worldlines interacting through Yang-Mills
The question of dening an action for a classical colored point charge (pc) moving along a
worldline x() has been addressed in [118]. The action reads
~Spc =  
Z
dLpc =  
Z
d

m
p
u2    yiuD 

(5.26)
=  
Z
d

m
p
u2   i y _   guAaca

; (5.27)
where we have introduced an auxiliary eld  (), in the fundamental representation of the
YM gauge group, carrying the color degrees of freedom along the worldline and
ca :=  yT a ; (5.28)
has been dened as the classical color charge of the point particle. We can already see that
the double copy procedure might run into trouble since we lack a two gluon coupling to the
worldline which is present on the dilaton-gravity side. However, we can resolve the tension
by switching to the rst order formalism as we have done in the case of dilaton-gravity. We
dene the canonical momenta
p =
@Lpc
@u
= m
up
u2
  gAaca; ) m2 = (p+ gAc)2; (5.29)
Next, we compute the \Dirac" Hamiltonian HD from the \canonical" Hamiltonian Hcan by
adding the mass-shell constraint using a Lagrange multiplier (), i.e.
HD = Hcan + 

(p+ gAc)2  m2 ; Hcan = pu   Lpc (5.29)= i y _ ; (5.30)
(5.31)
and thus we arrive at the rst order formalism action
Spc =  
Z
d(pu
  Hpc)
=  
Z
d

pu
   i y _   
h
p2 + 2gpA

ac
a + g2Abc
bAac
a  m2
i
:
(5.32)
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The action of the full system of two color charged point particles interacting in YM reads
ScYM = SYM + Sgf + Spc + ~Spc (5.33)
where the subscript cY M stands for classical Yang-Mills and a gauge xing term Sgf was
added. As before, we separate the notation of the two worldline by a tilde. The position
space propagator reads
hAa(x)Ab(y)i0 =
~
i
 abD(x  y) : (5.34)
The Vertices read
a  =
i
~
2g () p() ca(); (5.35)
a 
b 
 =
i
~
2g2 () ca() cb()  ; (5.36)
c 3
a 1
b 2
=   i
~
g fabc V 123123 ; (5.37)
where V 123123 is given by (5.19).
5.2 The Eective action
We are now turning to the computation of the classical eective action for both systems. We
will start by computing the classical eective action of two color charged massive particles
interacting in YM followed by the same computation where the two particles are not color
charged anymore but interact in dilaton-gravity. After that we will compare both results
and deduce the correct color-to-kinematics replacement rule. We will compare the emerging
prescription to the standard double copy procedure between scattering amplitudes in YM
and dilaton-gravity as we have discussed in sec. 2.6.
5.2.1 The classical eective action of two colored point particles
We now compute the classical eective action for two color charged massive point particles
moving on their worldlines up to O(g4), Se,cYM, by integrating out the gauge boson Aa, i.e.
e
i
~ Se,cYM = e
i
~ Spc,freeMcYM = CYM
Z
DAe i~ ScYM ; (5.38)
where the normalization CYM is chosen such thatMYM ! 1 for g ! 0 and Spc,free = Spc+ ~Spc
for g ! 0. We will use the notation
ci := c(i) ; pi := p(i) ; Dij := D(x(i)  x(j)) ; d^1:::n :=
nY
i=1
di (i) : (5.39)
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Additionally, we will use the tilde notation for the \right" worldline in our diagrams.
At O(g2) we only have one non-vanishing, independent analytic structure dictated by the
graph
1 ~2 = 4g
2 i
~
Z
d^1~2(c1  ~c2) (p1  ~p2) D1~2 : (5.40)
Other graphs can be directly obtained through a replacement of tilded and untilded variables
while keeping track of possible prefactors emerging from a discrepancy of orders in the Taylor
expansion of the worldline action exponential. More explicitly, another graph at this order
can be obtained in the following way
2
1
=
1
2
0@1 ~2
1A 
~c2!c2 ; ~p2!p2
; (5.41)
where the factor 12 originates from the second order expansion of the \left" worldline action
in the left graph. We will call such operations redressing a graph and we will not explicitly
include such graphs in our computations.
Another class of graphs at this order is trivially vanishing in dimensional regularization
1 /
Z
d1D11 = 0 in dimreg : (5.42)
As a consequence we will neglect all graphs involving such a bubble.
At O(g4) we have the graphs
1
3
~2
~4
= 8 g4

i
~
2 Z
d^1~23~4 (c1  ~c2) (c3  ~c4) (p1  ~p2) (p3  ~p4)D1~2D3~4 ; (5.43)
1
~2
~4
= 4g4
i
~
Z
d^1~2~4 (c1  ~c2) (c1  ~c4) (~p2  ~p4)D1~2D1~4 ; (5.44)
1
~2
~3x
=  4 g4 i
~
Z
d^1~2~3 f
abc ca1~c
b
2~c
c
3 V

1~2~3
p1 ~p2 ~p3G1~2~3 ; (5.45)
where G1~2~3 =
R
d4xD1xD~2xD~3x. All other graphs at this order are either redressed versions
of the above three graphs or quantum corrections, i.e. graphs which are O(~), which we drop
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due to our focus on the classical part of the eective action. More explicitly, we neglect all
graphs of the form
; (5.46)
where only loops are present in the bubble. Taking the logarithm of (5.38) up to O(g4) we
obtain
Se,cYM = Sfree,pc +
~
i
logMcYM
= Sfree,pc + + + + (redressed)
= Sfree,pc + 4g
2
Z
d^1~2(c1  ~c2) (p1  ~p2)D1~2
+ 4g4
Z
d^1~2~4 (c1  ~c2) (c1  ~c4) (~p2  ~p4)D1~2D1~4
  4g4
Z
d^1~2~3 f
abc ca1~c
b
2~c
c
3 V

1~2~3
p1 ~p2 ~p3G1~2~3 + (redressed) +O(~) ;
(5.47)
with V 
1~2~3
from (5.19).
5.2.2 The classical eective action of two massive point particles
Similar to the Yang-Mills case in the previous section, we compute Se,dg by integrating out
the graviton and scalar elds,
e
i
~ Se,dg = e
i
~ Spm,freeMdg = Cdg
Z
DhD e i~ Scdg ; (5.48)
where we again dened Cdg such that Mdg = 1 for  ! 0 and Spm,free = Spm + ~Spm for
 ! 0. As before, we will neglect all loop level graphs and also keep all redressed graphs
implicit. Up to O(4) we have the relevant graphs
1 ~2 =   i
2
~
Z
d^1~2 (p1  ~p2)2D1~2 ; (5.49)
1
3
~2
~4
=
i24
2~2
Z
d^1~2~34 (p1  ~p2)2(p4  ~p3)2D1~2D4~3 ; (5.50)
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1
~2
~4
=
i4
2~
Z
d^1~2~3 (p1  ~p2)(p1  ~p3)(~p2  ~p3)D1~2D1~3 ; (5.51)
1
~2
~3x
=
i4
8~
Z
d^1~2~3

V 
1~2~3
p1~p2 ~p3
2
G1~2~3 : (5.52)
Therefore, the action reads
Se,dg = Sfree,dg +
~
i
logMdg
= Sfree,dg + + + + (redressed)
= Sfree,dg   2
Z
d^1~2 (p1  ~p2)2D1~2
+
4
2
Z
d^1~2~3 (p1  ~p2)(p1  ~p3)(~p2  ~p3)D1~2D1~3
+
4
8
Z
d^1~2~3

V 
1~2~3
p1~p2 ~p3
2
G1~2~3 + (redressed) +O(~) : (5.53)
5.3 The double copy procedure
In this section we want to check whether our previous results are consistent with known dou-
ble copy principles. We will investigate similarities and dierences between our computation
of YM and dilaton-gravity eective actions and scattering amplitudes computations where
the double copy is very well studied and controlled.
5.3.1 Failue of the double copy?
We begin with a consistency check of an already proposed replacement rule by W. Goldberger
and A. Ridgway. In their initial paper concerning the classical double copy for generic orbits
[33] they nd the following replacement rules
g ! 
2
;
cai ()! i pi () ;
fabc cai c
b
j c
c
k !  
1
2
V i;j;k p;i p;j p;k :
(5.54)
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It is very easy to see that this double copy fails in our results. The mismatch can be traced
back to a factor of 2 in graph (5.44). In some sense, this is a welcome observation since (5.54)
breaks with the traditional double copy approach known from a scattering amplitude context
where full color factors are replaced by full kinematic factors. This is actually exactly what
Goldberger and Ridgway did since, due to the lower order computation, those have been the
only color structures present. In our calculation new color structures appear and we have to
think of a new prescription suitable for us. The main guiding principle will be the traditional
double copy prescription. In particular, if we compare our computation to a scattering ampli-
tude one 2.6, we notice that we have not used crucial properties such as on-shell conditions for
the gluons and gravitons, trivalent representations and color-kinematics duality (2.100). It is
worthwhile to discuss the relevance of those properties in our computation. We directly see
that on-shell conditions cannot be used since all gluons and gravitons only appear as virtual
particles. Color-kinematics duality cannot appear du to the low order of our computation
and also due to the observation that on-shell conditions are usually of utmost importance
for its validity. Thus, two out of three ingredients are not applicable in our computation.
Therefore, if we want to nd a double copy prescription which works for us, we should be
using the trivalent representation as a guiding principle. In an amplitudes calculation, we
know that using a trivalent representation means to decompose the four gluon vertex into
a linear combination of s-, t- and u-channel-like terms and add the resulting contributions
to respective diagrams containing the s-, t- and u-channel. Furthermore, the relevant color
structures for the double copy are identied through a trivalent representation and thus help
identifying the color dual numerators. In our computation we do not include the four gluon
vertex, thus we may ask whether we have any reason to think about a trivalent represen-
tation at all. Indeed, even though the amplitudes point of view does not clearly push us
in this direction, we can quickly see that we have a four vertex like building block (5.36)
where two gluons couple to the same point on a classical colored worldline. We stress that
it is far from obvious to identify (5.36) as a four vertex since is not a vertex in a QFT sense
because worldlines are not asymptotic states and thus cannot be seen as external particles.
Moreover, worldlines cannot propagate which makes it far from straightforward inventing a
new decomposition in this context, i.e. it is not obvious what the s-,t- and u-channel like
structures are.
Having identied the problem of a non-functioning double copy introduced by W. Gold-
berger and A. Ridgway [33], we are now turning towards a resolution through an appropriate
implementation of a trivalent representation.
5.3.2 The trivalent representation and the double copy prescription of the
classical eective action for two colored point particles
As we have discussed in the previous section, we want to use a notion of a trivalent repre-
sentation mirroring its double copy importance in a scattering amplitude context. Our goal
is to decompose the two-gluon-worldline vertex (5.36) by pulling apart the contact, i.e.
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a 
b 

 !
a 
b 
1
2 :
(5.55)
We do this by inserting a delta function, (1   2), localized by a worldline integral
a 
b 
 =
i
~
2g2 () ca() cb()  =
i
~
2g2
Z
d2 (1) c
a(1) c
b(2) 
 (1   2) :
(5.56)
Using this decomposition allows us to combine the graph (5.44) with (5.43) into one expres-
sion since the color factors can be made identical. Thus, for the double copy to work, we
propose that at any order in g, McYM must be brought into the analytic form
McYM = 1 +
1X
n=1
(2g)2n
X
I2 n

i
~
xI Z Y
iI
d^iI
Z
d4lIx
CI NI
SI DI
: (5.57)
We have dened the quantity  n as the set of N
n 1LO graphs in the above dened trivalent
representation, CI denotes the color factor associated with graph I, i.e. functions of the c()'s,
NI are the associated kinematic numerator factors and DI are the spacetime propagators
appearing in graph I. The object xI is dened as the number of vertices (bulk and worldline)
minus the number of propagators in the trivalent diagram and lI is the number of bulk
vertices. Finally, SI is the symmetry factor of graph I in the trivalent representation. Doing
so, we claim that Mdg takes the form
Mdg = 1 +
1X
n=1
(i)2n
X
I2 n

i
~
xI Z Y
iI
d^iI
Z
d4lIx
NI NI
SI DI
: (5.58)
It is crucial to note that the double copy is dened for M and not the nal eective action,
i.e. it has to be performed before taking the logarithm.
5.3.3 The double copy of the classical eective action for two colored point
particles
We are now aiming at actually performing the double copy according to (5.57). We begin
by setting up the trivalent representation of McYM. The independent color structures are
given by
O(g2) : (c  ~c) ;
O(g4) : (c  ~c)2 ; fabcca~cb~cc :
These color structures dene the CI in (5.57) and all other color structures are their redressed
versions. The relevant graphs in our double copy prescription are:
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 The H-graph at O(g2)
H : 1 ~2 = (2g)
2

i
~
 Z
d^1~2
CH NH
SH DH
; (5.59)
where
CH = (c1  ~c2) ; D 1H = D1~2 ; SH = 1 ; NH = (p1  ~p2) : (5.60)
 At O(g4) we are looking at the V-graph
V :
1
2
~3
~4
+ 1
~3
~4
+ ~3
1
2
= (2g)4

i
~
2 Z
d^12~3~4
CV NV
SV DV
; (5.61)
where
D 1V = D1~3D2~4 ; CV = (c1  ~c3)(c2  ~c4) ; SV = 2 ;
NV = (p1  ~p3) (p2  ~p4) + ~
2i
(1   2)
2
(~p3  ~p4) + ~
2i
(~3   ~4)
~4
(p1  p2) :
(5.62)
Here, we used our proposed prescription of a trivalent graph representation (5.56).
Note that the symmetry factor strictly belongs to the rst (double ladder) graph and
diers from the latter two contact term graphs. This is exactly the way in which the
symmetry factor is dened in the double copy (amplitudes and ours) prescription.
 The Y-graph
Y : 1
~2
~3x
= (2g)4

i
~
 Z
d^1~2~3
CY NY
SY DY
; (5.63)
where
CY = f
abc ca1~c
b
2~c
c
3 ; D
 1
Y = G1~2~3 ; SY = 2 ;
NY =  1
2
V 
1~2~3
p1 ~p2 ~p3 :
(5.64)
In the exact same fashion we can organize all redressed versions of above graphs. Performing
the double copy according to (5.58) yields
Mdg = 1  2 i~
Z
d^H
NH NH
SH DH
+ 4

i
~
2 Z
d^V
NV NV
SV DV
+ 4
i
~
Z
d^Y
NY NY
SY DY
+ (redressed) ;
(5.65)
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where the bar notation for Mdg keeps track of the use of our double copy prescription.
Above expression has one subtlety. The product NV NV contains terms (0) which is rather
problematic on rst glance. Nevertheless, such terms are O(~0) and thus they fall into the
class of quantum corrections to Se,dg and we boldly neglect them.
For the eective action of Se,cYM we replace McYM by Mdg in
Se,cYM = Sfree,pc +
~
i
logMcYM ;
and obtain
Se,dg = Sfree,pc +
~
i
log ~Mdg = Sfree,pc   2
Z
d^1~2 (p1  ~p2)2D1~2
+
4
2
Z
d^1~2~3 (p1  ~p2)(p1  ~p3)(~p2  ~p3)D1~2D1~3
+
4
8
Z
d^1~2~3

V 
1~2~3
p1~p2 ~p3
2
G1~2~3 + (redressed) +O(~); (5.66)
which, indeed, leads to the remarkable identication (5.53)
Se,dg = Se,dg +
Z
d i( y _ + ~ y _~ ) : (5.67)
where we have used Sfree,pc = Sfree,dg +
R
d i( y _ + ~ y _~ ). The last term can even be
dropped trivially due to the decoupling of  's dynamics. We conclude that our double-copy
prescription (5.58) maps the classical eective action of two classically colored massive point
particles interacting in YM to the eective action of two classically dilaton charged massive
point particles interacting in dilaton-gravity up to next-to-leading order.
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Chapter 6
Summary and Outlook
Motivated by the existence of the double copy prescription [11{13], we explored various
connections between gluons and gravitons with the goal of uncovering, identifying and un-
derstanding new aspects of this mysterious, remarkable and completely unobvious property
of gauge theory.
In the rst project contained in chapter 3, we performed an in-depth analysis of a con-
nection between a pair of adjacent collinear gluons and a graviton (2.103) as proposed by
Stieberger and Taylor [38], which we called ST-one . We proved this connection through an
involved study of collinear gluon limits in the CHY formalism which allowed us to also prove
the universality of the sub-leading collinear gluon limit. Furthermore, we were able to con-
strain a sub-leading collinear gluon theorem. Moreover, a rich and elegant structure emerged,
connecting ST-one to a deviation from BCJ relations (2.19) and a gauge invariance violation
in the fused gluon. In particular, we have learned that a deviation from BCJ relations is
necessary for the existence of EYM amplitudes according to (3.107) and the violation of
gauge invariance in the fused gluon manifests gauge invariance of the EYM amplitude. Still,
it is highly unobvious and unintuitive that fundamental properties of existence and gauge
invariance of EYM amplitudes are connected to the sub-leading collinear gluon limit. It is
unclear how those, highly unintuitive, observations can be understood from a non technical
point of view, i.e. whether a symmetry explanation can be given. Clearly this is one possible
direction for future research even though no straightforward next step is identiable. Further
questions in this direction are very hard to identify due to the mysterious nature of ST-one.
Arguably the best follow up question concern the factorization of the sub-leading collinear
gluon limit, i.e. solving the constraints (3.114) and (3.116). It might also be worthwhile
to study cases where more adjacent collinear gluon pairs are present. Or it might be of
interest to get an in-depth analytic understanding of the neglected non-degenerate solutions
of the scattering equations in the collinear limit. Finally, it might be fruitful to repeat the
same computation for the case of mixed helicity collinear gluons where an analogous ST-one
formula is expected due to the trivial cancellation of problematic terms in the sum-over solu-
tions. Maybe a Feynman diagrammatic approach for low-point amplitudes can give further
insight into the mysterious structures obtained from ST-one.
In the second project contained in chapter 4, we have analyzed another connection pro-
posed by Stieberger and Taylor [39] in which a weighted linear combination of YM amplitudes
produces an EYM amplitude. We called this connection ST-three (2.108) and we have been
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able to achieve our goal of proving its universality in the presence of massive fundamental
matter consisting of quarks and scalars. We began by gaining arguments on why ST-three
should be universal from a rst principle point of view followed by hard evidence based on
the CHY formula. This gave us enough motivation to proceed with our, almost fully unsup-
ported by any other research, claim (4.1). We then performed the proof through a Feynman
diagrammatic analysis which revealed two novel observations, namely that the number of
graviton insertions is equal to the number of gluon insertion into a full sQCD tree level
amplitude and that a simple color-to-kinematics replacement rule exists which directly maps
sQCD amplitudes to EsQCD amplitudes. Two more important consequences have been re-
vealed from this project. First, it was shown that there exist relations between gluons and
gravitons outside of fully massless and adjoint particle scattering scenarios. This implies
that if there existed an all-unifying underlying principle behind such relations, it should be
a relation between single particles and not only between massless amplitudes. The second
consequence concerns the gap between ST-three and the double copy procedure in terms of
their execution. While the double copy procedure strictly relates full amplitudes through
a color-to-kinematics replacement rule based on color dual numerators identied by color
kinematics duality (2.100), ST-relations work at the level of color ordered amplitudes with
no involvement of color at all. Our Jacobi relations satisfying replacement rule (4.46) thus
sets both types of gluon/graviton relations on equal footing from a conceptual point of view,
linking ST-three to a form of the double copy. Further directions include the repetition
of our analysis for more than one graviton insertion. This will quickly prove to be highly
complicated due to the involvement of the three graviton vertex but it is very likely to pro-
duce a positive result due to the existence of such formulae in the case of EYM amplitudes
where full control is already established [43, 45{47] based on gauge invariance through BCJ
relations. This is exactly the same situation with which we started building up evidence
for universality. Furthermore, higher graviton cases in the EYM case can be recursively ob-
tained from the single graviton case through gauge invariance alone which strongly implies
its universality from a rst principles point of view.
In the nal project contained in chapter 5, we showed that the double copy logic can be
extended even further into unknown territory. In particular, we extended the work initiated
by Goldberger and Ridgway [31, 33] to a classical system of two point particles, without
any emission of radiation, using the eective action as the relevant quantity for the double
copy. We have found a replacement rule which correctly maps between the eective action
of a massive classically colored worldline system interacting in YM and the eective action
of a massive classical worldline system interacting in dilaton gravity up to next-to-leading
order. We have encountered direct problems in the replacement rule proposed by Goldberger
and Ridgway which we have been able to resolve by introducing a new notion of a trivalent
representation on the gauge theory side. Two crucial ingredients have been used along
the way. In both systems we have used the rst order formalism for simplication on the
gravity side and for the introduction of higher vertices on the gauge theory side. On the
gravity side we have also used a set of eld redenitions, gauge xings and total derivatives
and found a remarkable structure almost enabling a double copy at the level of Feynman
rules. We have also used a rather opaque, but successful, assumption in our computation,
arguing that the terms proportional to (0), which are automatically introduced by our
double copy prescription, are neglectable due to their quantum nature, i.e. being of O(~)
in the eective action. Strictly speaking, we should not have been allowed to do so and
our justication is legitimized by our result. It is unclear whether it is possible to nd a
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dierent prescription such that inconsistencies of this type are avoided. It is important to
point out that we have achieved even slightly more than a novel double copy prescription
for eective actions. We observe that our double copy prescription does not use on-shell
conditions and gauge invariance. Both ingredients are usually at the core of the double
copy which makes our computation more intriguing from a hidden symmetry point of view.
This brings up the question of whether there is an accidental reason explaining the lack of
necessity for on-shell conditions and gauge invariance while somehow enforcing them in a
scattering amplitude setting. One possible further direction of research includes a repetition
of the same computation at next-to-next-to-leading order where more double copy properties
are expected to emerge, i.e. color dual numerators. Unfortunately, a very recent consistency
check [119] has revealed a signicant mismatch leading to the conclusion that a next-to-
next-to-leading order double copy does not exist. Other possible research could be done
by giving both worldlines spin and repeat the computation. First work has already been
done by W. Goldberger, J. Li and S. G. Prabhu [32]. Here, novel structures are expected
to emerge due to the need for an axion on the gravity side. Identifying methods which can
remove the dilaton from nal results is also a highly relevant and interesting direction for
further research. In the case of classical limits from scattering amplitudes precise elimination
procedures have been recently found by Z. Bern et al. [120] where the dilaton degrees of
freedom are removed through simple on-shell conditions. This is obviously not possible in our
computation. Finally, it might be worthwhile to study our computation in a scenario where
the auxiliary eld  is also integrated out on the gauge theory side. This would introduce
a propagator on the worldline which may lead to novel analytic insights into the classical
double copy of eective actions.
It remains to see whether any of the results obtained in this thesis can be of value for
both the identication of the YM kinematic algebra and a consistent, UV complete theory
of quantum gravity.
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